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TRAIN TRACKS AND MEASURED LAMINATIONS ON INFINITE
SURFACES
DRAGOMIR SˇARIC´
Abstract. Let X be an infinite Riemann surface equipped with its conformal hy-
perbolic metric such that the action of the fundamental group pi1(X) on the universal
covering X˜ is of the first kind. We first prove that any geodesic lamination on X is
nowhere dense. Given a fixed geodesic pants decomposition of X we define a family
of train tracks on X such that any geodesic lamination on X is weakly carried by at
least one train track. The set of measured laminations on X carried by a train track is
in a one to one correspondence with the set of edge weight systems on the train track.
Furthermore, the above correspondence is a homeomorphism when we equipped the
measured laminations (weakly carried by a train track) with the weak* topology and
the edge weight systems with the topology of pointwise (weak) convergence.
The space MLb(X) of bounded measured laminations appears prominently when
studying the Teichmu¨ller space T (X) of X. If X has a bounded pants decomposition,
a measured lamination on X weakly carried by a train track is bounded if and only
if the corresponding edge weight system has a finite supremum norm. The space
MLb(X) is equipped with the uniform weak* topology. The correspondence between
bounded measured laminations weakly carried by a train track and their edge weight
systems is a homeomorphism for the uniform weak* topology on MLb(X) and the
topology induced by supremum norm on the edge weight system.
1. Introduction
A Riemann surface X is said to be infinite if the fundamental group pi1(X) of X is
infinitely generated. An infinite Riemann surface X has a unique conformal hyperbolic
metric and all geometric notions in the paper are with respect to this metric. Let X˜ be
the universal covering equipped with the hyperbolic metric such that the covering map
X˜ → X is a local isometry. The universal covering X˜ is isometric to the hyperbolic
plane H and the ideal boundary ∂∞X˜ is homeomorphic to the unit circle S1. The
fundamental group pi1(X) is identified with a subgroup of isometries of X˜ such that
X˜/pi1(X) = X. We introduce a family of train tracks onX starting from a fixed geodesic
pants decomposition {Pn} in order to give local coordinates to the space ML(X) of
measured laminations on X in terms of their edge weight systems on the train tracks.
We prove that basic properties of these local coordinates are the same as for closed
surfaces (see Thurston [38], Bonahon [10], Penner-Harer [29]). In addition, we also
give local coordinates to a subspace MLb(X) of bounded measured laminations which
naturally relates to the quasiconformal deformations of the Riemann surface X and its
Teichmu¨ller space.
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Recently, there is a considerable interest in studying infinite hyperbolic surfaces, their
Teichmu¨ller spaces and quasiconformal Teichmu¨ller mapping class groups and the big
mapping class groups (for example, see [1], [25], [16], [40], [3], [7], [28], [23], [15], etc).
The topology of an infinite surface is determined by its genus and the space of ends (see
B. Ke´re´kja´rto [22] and I. Richards [30]). The geometric structure of an infinite Riemann
surface equipped with a conformal hyperbolic metric is described by Alvarez-Rodriguez
[2] (see also [6] and Section 2).
An arbitrary infinite hyperbolic surface X can be obtained by isometrically gluing
countably many geodesic pairs of pants along their cuffs and by adding an at most
countably many hyperbolic funnels and an at most countably many closed half-planes
(see [2], [6] and Section 2). A geodesic lamination λ on X is a closed subset of X
equipped with a foliation by complete geodesics. Unlike for closed surfaces, λ could
possibly foliate a subset with non-empty interior. This happens when X has an end
that is a hyperbolic funnel or a half-plane. We first prove that the existence of such
ends is the only reason for this phenomenon (see Proposition 3.4).
Indeed, let Λ(pi1(X)) be the limit set of pi1(X) on the boundary ∂∞X˜ and let
C(Λ(pi1(X))) be the convex core of Λ(pi1(X)) in X˜. Then C(X) := C(Λ(pi1(X)))/pi1(X)
is the convex core of X. Note that pi1(X) is of the first kind if and only if X = C(X).
We prove
Theorem 1.1. Let X be an infinite Riemann surface equipped with its conformal hy-
perbolic metric and let λ be a geodesic lamination contained in the convex core C(X) of
X. Then λ is nowhere dense in X.
In particular, if X = C(X) then any geodesic lamination λ in X is nowhere dense.
The set of (unoriented) geodesics G(X˜) of X˜ is identified with (∂∞X˜ × ∂∞X˜ −
∆)/(Z/2Z), where ∆ is the diagonal (see Bonahon [10]). The topology on G(X˜) is
given by the product topology. A geodesic lamination λ on X lifts to a pi1(X)-invariant
geodesic lamination λ˜ of X˜. Conversely, a pi1(X)-invariant geodesic lamination of X˜
projects to a geodesic lamination of X (see [10]).
A homeomorphism h : S1 → S2 of two compact surfaces S1 and S2 with genus g > 1
induces a natural homeomorphism h˜ : G(S˜1)→ G(S˜2) of the spaces of geodesics of their
universal coverings that is pi1(S1)- and pi1(S2)-equivariant (for example, see [10]). For
infinite hyperbolic surfaces a homeomorphism between two surfaces does not necessarily
induce a (natural) homeomorphism between the spaces of geodesics of their universal
covers. In fact, one surface can have a funnel end or a closed half-plane end while the
other surface might not. Then the two spaces of geodesics of the universal coverings
are not naturally homeomorphic. However, we show that this is the only reason why
a homeomorphism of two surfaces might not induce a homeomorphism of spaces of
geodesics of their universal coverings (see Theorem 3.6).
Theorem 1.2. Let X1 and X2 be two infinite Riemann surfaces equipped with their
conformal hyperbolic metrics such that X1 = C(X1) and X2 = C(X2). Let G(X˜i) be the
space of geodesics of the universal covering X˜i of Xi, for i = 1, 2. A homeomorphism
h : X1 → X2
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induces a pi1(X1)- and pi1(X2)-equivariant homeomorphism
h˜ : G(X˜1)→ G(X˜2).
In the case of a closed surface S of genus greater than 1, train tracks on S were
used to give local coordinates to the space of measured (geodesic) laminations ML(S)
(see [38], [29], [10]). Our main result is an extension of the idea of a train track to
infinite surfaces in order to better understand the space of measured laminations on
these surfaces.
From now on we assume that X is an infinite hyperbolic surface with X = C(X)
which is equivalent to pi1(X) being of the first kind. In this case X does not contain
funnels or closed half-planes. (For completeness, we note here that a surface with
funnels is homeomorphic to a surface where each funnel is replaced by a cusp. Each
half-plane can be “eliminated” from a hyperbolic surface by choosing appropriate twists
on the cuffs of the fixed pants decomposition, see [6]. Thus any hyperbolic surface X is
homeomorphic to a surface X ′ without funnels and half-plane ends, i.e. X ′ = C(X ′).)
Let {Pn} be a fixed geodesic pants decomposition of X. We choose a standard
Dehn-Thurston train track in each Pn which meets cuffs at fixed basepoints. The
complementary regions of the standard train tracks in the pairs of pants are triangles
and punctured monogons. A pants train track Θ on X is obtained by taking choices
of the standard train tracks in each pair of pants with cuffs being additional edges of
the train track Θ. Different choices of standard train tracks in Pn and different choices
of smoothing at the basepoints on the cuffs give rise to a whole family of train tracks
starting from a fixed pants decomposition {Pn}. A bi-infinite edge path γ in a pants
train track Θ determines a unique simple geodesic g(γ) of X. We will say that g(γ) is
weakly carried by Θ (see Section 4). Let Θ˜ be the lift of Θ to the universal covering X˜.
Given an edge e of Θ˜, denote by G(e) the set of geodesics in X˜ whose corresponding
bi-infinite edge paths contain the edge e. Let µ be a measured lamination on X and µ˜
its lift to X˜. Let E(Θ) be the set of edges of Θ and E(Θ˜) the set of edges of Θ˜. We
define an edge weight system
fµ˜ : E(Θ˜)→ R
by
fµ˜(e) := µ˜(G(e)).
The set G(e) is a pre-compact subset of the space G(X˜) of geodesics of X˜ and thus
µ˜(G(e)) < ∞ (see Section 5). At each vertex of Θ˜ the edge weight system fµ˜ satisfies
the switch relation as for closed surfaces (see [10], [29] and Section 5). The edge weight
system fµ˜ is pi1(X)-invariant and it projects to an edge weight system fµ : E(Θ)→ R.
We prove that (see Theorems 5.3 and 6.5).
Theorem 1.3. Let X be an infinite hyperbolic surface such that X = C(X). Let Θ be
a pants train track. Then the space ML(X,Θ) of all measured laminations (equipped
with the weak* topology) that are weakly carried by Θ is homeomorphic to the space
W(Θ, [0,∞)) of all edge weight systems on Θ, when W(Θ, [0,∞)) is given the topology
of pointwise convergence.
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The train tracks are used to give local coordinates for measured laminations on
infinite surfaces. We also establish that each measured lamination is weakly carried by
at least one pants train track constructed from a fixed geodesic pants decomposition of
X (see Proposition 4.12).
Thurston [39] proved that any homeomorphic deformation of a hyperbolic surface X
can be obtained by an earthquake map along a measured lamination. The Teichmu¨ller
space T (X) of a Riemann surface X is the space of quasiconformal deformations of X
modulo post-compositions by conformal maps and homotopy relative ideal endpoints. It
is known that an earthquake map induces a quasiconformal deformation of a hyperbolic
surface X if and only if it is performed along a bounded measured lamination on X
(see [31], [32], [21], [39]). Moreover, the bijective correspondence between the space
MLb(X) of bounded measured laminations and the Teichmu¨ller space T (X) given by
earthquake maps is a homeomorphism for the uniform weak* topology on MLb(X)
and the topology introduced by the Teichmu¨ller distance on T (X) (see [26]). For the
definition of the uniform weak* topology see [26], [12], [34] and Section 5. In view of the
action of the mapping class group it is perhaps even more important to mention that
the Thurston boundary of T (X) is identified with the space PMLb(X) of projective
bounded measured laminations on X (see [12] and [34]).
It is therefore of interest to understand the space MLb(X) of bounded measured
lamination on the hyperbolic surface X. We restrict our attention to surfaces X with
bounded pants decompositions (for the definition see [37], [1], [36] and Section 7) where
the question is more tractable. We prove (see Theorems 7.4, 8.6 and 9.4)
Theorem 1.4. Let X be an infinite Riemann surface with a bounded pants decomposi-
tion such that C(X) = X and Θ a pants train track constructed from the pants decom-
position. The space of all bounded edge weight systems Wb(Θ, [0,∞)) is parametrizing
the space MLb(X,Θ) of all bounded measured laminations on X that are weakly carried
by Θ, where f ∈ Wb(Θ, [0,∞)) if f ∈ W(Θ, [0,∞)) and ‖f‖∞ <∞.
In addition, the bijective correspondence
MLb(X,Θ)→Wb(Θ, [0,∞))
is a homeomorphism when MLb(X,Θ) is endowed with the uniform weak* topology and
Wb(Θ, [0,∞)) with the topology induced by the supremum norm.
Acknowledgements. I am greatly indebted to Francis Bonahon for our illuminating
conversations. I am also grateful to an anonymous referee for various suggestions and
questions, and for giving us a short proof of Lemma 8.3 which significantly improved
the paper.
2. Pants decompositions of infinite conformally hyperbolic surfaces
A topological pair of pants is a bordered surface homeomorphic to a sphere minus
three open disks. A geodesic pair of pants is a topological pair of pants equipped with
a metric of constant curvature −1 such that the boundary consist of 3 closed geodesics
(called cuffs) with possibly 1 or 2 geodesics degenerated to have length 0–i.e., a cusp.
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A topological surface is said to be infinite if its fundamental group is infinitely
generated. A Riemann surface is conformally hyperbolic if it supports a unique metric
of constant curvature −1 in its conformal class called the hyperbolic metric. By the
Uniformization Theorem every infinite Riemann surface is conformally hyperbolic.
Given an infinite Riemann surface X we endow it with the unique hyperbolic metric
in its conformal class which makes X a complete Riemannian two manifold without
boundary. The universal covering X˜ of X is conformally equivalent to the unit disk
and the hyperbolic metric on X induces a hyperbolic metric on X˜; in this metric X˜
is isometric to the hyperbolic plane. The boundary at infinity ∂∞X˜ of the universal
covering X˜ is identified with the unit circle. The fundamental group pi1(X) acts by
isometries on X˜ and X˜/pi1(X) is isometrically identified with X. Denote by Λ(pi1(X))
the limit set on ∂∞X˜ of the action of pi1(X). The convex core C(Λ(pi1(X))) of Λ(pi1(X))
is the smallest convex subset of X˜ that has Λ(pi1(X)) as its ideal boundary. The convex
core C(X) of X is the smallest convex subset of X that has the same homotopy type–
equivalently, C(X) = C(Λ(pi1(X)))/pi1(X) (see Maskit [24]).
Alvarez and Rodriguez [2] (see also [6]) proved that each infinite conformally hyper-
bolic surface X can be constructed by isometrically gluing a countable set {Pn}n of
geodesic pairs of pants along their cuffs (boundary geodesics) {αk}k and by attaching
to this union an at most countable set of hyperbolic funnels {Fi}i and an at most
countable set of closed hyperbolic half-planes {Hj}j. The hyperbolic funnels {Fi} are
attached to the boundary geodesics of {Pn} that end up not being glued to any other
boundary geodesics. The half-planes are attached to the open geodesics that are accu-
mulated by the cuffs {αk}k. Note that the open geodesics are not in the union of the
pairs of pants but rather in the closure of the union.
A first example of completing a countable union of geodesic pairs of pants by attaching
a hyperbolic half-plane was given by Basmajian [4]. To better understand the situation,
we fix a point x ∈ ∪nPn and consider the set of all geodesic rays in (∪nPn) ∪ (∪iFi)
starting at x. This set of geodesic rays is naturally identified with the unit circle since
each tangent vector at x defines a unique geodesic ray tangent to it. If a geodesic
ray gx starting at x has a finite length then there is an open interval Ij of geodesic
rays containing gx that have finite length (see [6]). The geodesic rays corresponding
to the endpoints of the open interval Ij of finite length geodesic rays have infinite
length. To each such open interval Ij a closed hyperbolic half-plane Hj is added and
the two boundary geodesic rays of Ij are asymptotic to the boundary geodesic of Hj
(see [6]). Each closed half-plane Hj in X lifts to countably many closed half-planes in
the universal covering X˜ and the ideal boundary of each half-plane in X˜ is an open
interval on ∂∞X˜. Since ∂∞X˜ is homeomorphic to the unit circle it follows that ∂∞X˜
can contain at most countably many disjoint open subintervals. We conclude that an
at most countably many closed hyperbolic half-planes are added to X.
A locally finite topological pants decomposition of an infinite Riemann surface X is
a decomposition of X into topological pairs of pants such that any two pairs of pants
are either disjoint or meet along a common boundary component and each compact
subset of X meets at most finitely many pairs of pants. A theorem of Ke´re´kja´rto
[22] and Richards [30] implies that any infinite surface has a locally finite topological
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pants decomposition. By replacing each boundary curve of a locally finite topological
pants decomposition with the simple closed geodesic in its homotopy class we obtain
a locally finite geodesic pants decomposition of the convex core C(X) minus the set of
open geodesics on its boundary (see [6]). The hyperbolic surface X is obtained from
its convex core C(X) by attaching hyperbolic funnels to the closed geodesics of the
boundary and by attaching half-planes to the infinite (open) geodesics of the boundary
of its convex core (see [6]).
A conformal structure of an infinite Riemann surface X can be changed by twisting
along the boundary geodesics {αk}k of a locally finite geodesic pants decomposition
{Pn}n (for example, see Alessandrini-Liu-Papadopoulos-Su [1]). In fact, there is a
choice of real twists along {αk}k such that the new conformally hyperbolic Riemann
surface X ′ is equal to its convex core union of an at most countably many hyperbolic
funnels and no half-planes (see [6]). Since X ′ is obtained from X by twisting along
{αk} it follows that X ′ is homeomorphic to X. However, X ′ is not quasiconformal
to X. Indeed, a quasiconformal mapping between X and X ′ lifts to a quasiconformal
mapping of their universal covers and it extends to a homeomorphism of the limit sets
of the covering groups. The limit set of pi1(X
′) is homeomorphic to the unit circle while
the limit set of pi1(X) is not connected which is a contradiction.
For the most part we will be interested in infinite Riemann surfaces whose hyperbolic
metrics are such that they are equal to their convex cores. In this case we do not
have funnels and half-planes, and any locally finite topological pants decomposition
straightens to a locally finite geodesic pants decomposition of the whole surface. The
geodesic pairs of pants can have at most two cusps since the cusps are not glued to other
pairs of pants. In the terminology of [6] such conformally hyperbolic Riemann surfaces
are said to have no visible ends. The discussion above shows that any infinite Riemann
surface is homeomorphic to a Riemann surface with no visible ends by performing twists
along a geodesic pants decomposition and by replacing funnels with cusps (see [6]).
3. Geodesic laminations on infinite Riemann surfaces
Let X be a conformally hyperbolic Riemann surface equipped with its unique hyper-
bolic metric. Let X˜ be the universal covering of X with the hyperbolic metric induced
by the hyperbolic metric on X. Each oriented geodesic g of X˜ is uniquely determined
by the pair of its endpoints (a, b) ∈ ∂∞X˜ × ∂∞X˜ − ∆, where ∆ is the diagonal of
∂∞X˜ × ∂∞X˜, a is the initial point of g and b is the end point of g. The space of
oriented geodesics of X˜ is identified with ∂∞X˜ × ∂∞X˜ −∆ and the topology is given
by the product topology.
The space of (unoriented) geodesics G(X˜) on the universal covering X˜ is identified
with (∂∞X˜ × ∂∞X˜ −∆)/(Z/2Z), where the action of Z/2Z permutes the components.
The topology (and, in particular, the convergence) on G(X˜) is the quotient topology
of the product topology on ∂∞X˜ × ∂∞X˜ − ∆. Note that G(X˜) is not compact; a
sequence of pairs of points that approaches the diagonal ∆ has no accumulation points
(see Bonahon [10] and [12]).
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Remark 3.1. All constructions in the paper are for the unoriented geodesics. We
will use subsets of ∂∞X˜ × ∂∞X˜ − ∆ as local coordinates for the space of unoriented
geodesics.
We define a geodesic lamination on a conformally hyperbolic surface X.
Definition 3.2. Let X be a conformally hyperbolic surface. A geodesic lamination λ on
X consists of a closed subset of X together with its foliation by simple, pairwise disjoint
complete geodesics of X. By a foliation of a closed subset λ of X by geodesics we mean
a decomposition of λ into a pairwise disjoint simple complete geodesics such that each
point x ∈ λ has a neighborhood homeomorphic to T × I where T is homeomorphic to
a closed subset of a compact geodesic arc and I is an open interval corresponding to
open arcs on geodesics.
Remark 3.3. The lift λ˜ of λ to the universal covering X˜ is a pi1(X)-invariant closed
subset of X˜ that is foliated by pairwise disjoint complete geodesics. Note that λ˜ being
closed as a subset of X˜ is equivalent to it being closed as a subset of G(λ˜).
Unlike for compact hyperbolic surfaces, a geodesic lamination of a conformally hy-
perbolic infinite Riemann surface X can foliate a subset of X with non-empty interior.
Indeed, since hyperbolic half-planes can be foliated by geodesic laminations a Riemann
surface X that contains a hyperbolic half-plane has this property. The same is true for
Riemann surfaces with funnels because a funnel contains a hyperbolic half-plane.
On the other hand, we show that no subset of X with non-empty interior can be
foliated by a geodesic lamination if X is equal to its convex core C(X). This follows by
proving a result for the convex core of X.
Proposition 3.4. Let X be an infinite Riemann surface equipped with its conformal
hyperbolic metric. Any geodesic lamination λ of the convex core C(X) is nowhere dense.
Remark 3.5. If X = C(X) then any geodesic lamination λ of X is nowhere dense in
X. If X 6= C(X) then there are geodesic laminations of X whose supports can have
non-empty interiors.
Proof. Let λ˜ be the lift of λ. By our assumption, λ˜ is a subset of the convex core
C(Λ(pi1(X))) of the limit set Λ(pi1(X)) ⊂ ∂∞X˜. We assume on the contrary that there
exists a closed hyperbolic disk U ⊂ C(X) which is covered by the geodesics of λ and
seek a contradiction. Let U˜ be a single component of the lift of U to X˜. Then U˜ is a
closed hyperbolic disk in X˜ that is covered by λ˜.
A closed hyperbolic disk in the hyperbolic plane is said to be regular if for any three
disjoint complete geodesics intersecting it one geodesic separates the other two. It is
an elementary fact that there exists r > 0 such that any closed disk of radius at most
r is regular. By decreasing U˜ if necessary, we can assume that it is regular.
Note that ∂∞X˜ has a natural orientation induced by the orientation of X˜. By
definition ]a, b[⊂ ∂∞X˜ is the set of all x ∈ ∂∞X˜ such that a, x and b are in the order
of this orientation, and [a, b] =]a, b[∪{a, b}.
Let g = (a, b) and g1 = (a1, b1) be two geodesics of λ˜ that intersect U˜ . Without loss
of generality we can assume that they are in the relative position as in Figure 1. Since
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a
x
y
κi(g0)
a1
g0g4
κ
U˜
b1
b
Figure 1. The dotted geodesic is an axis of κ ∈ pi1(X) and, in the
general case, does not belong to λ˜. κi(g0) belongs to λ˜.
U˜ is regular then any geodesic of λ˜ between g and g1 separates them. In other words,
it has one endpoint in [a, a1] and other endpoint in [b1, b].
Let K be the union of all endpoints of the geodesics of λ˜ that intersect U˜ . Since
λ˜ is a closed set and U˜ is a compact set it follows that K is a closed subset of ∂∞X˜.
Therefore each component of either [a, a1] \K or [b1, b] \K is an open arc if either of
the two sets is non-empty.
Assume that ]a2, a3[ is a component of [a, a1] \ K. Let g2 and g3 be geodesics of λ˜
with endpoints a2 and a3 such that their other two endpoints in [b1, b] are the closest
to each other even possibly equal to each other. (We require this since either a2 or a3
could be endpoints of more than one geodesic of λ˜.) Then the part of X˜ between g2
and g3 does not contain geodesics of λ˜ ∩ [a, a1] × [b1, b] and yet λ˜ covers U˜ . This is a
contradiction with U˜ being regular. Therefore the set K covers [a, a1] and an analogous
argument shows that it covers [b1, b] as well.
Since λ˜ ⊂ C(Λ(pi1(X))) it follows that
[a, a1], [b1, b] ⊂ Λ(pi1(X)).
It is possible that either [a, a1] or [b1, b] is a single point. However not both intervals
can be points since U˜ is covered by λ˜.
Assume first that [a, a1] is not a point. The set of endpoints of the lifts of closed
geodesics of X is dense in the limit set Λ(pi1(X)) (for example, see Maskit [24]). Let
κ ∈ pi1(X) be a hyperbolic translation with the attracting fixed point x ∈]a, a1[ and the
repelling point y /∈ [b1, b]. (A hyperbolic element with these properties exist since pi1(X)
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is not cyclic.) Let g0 be a geodesic of λ˜ in ]a, a1[×[b1, b] such that both its endpoints
are different from x and y. A high enough iterate κi of κ will attract both endpoint of
g0 into the interval ]a, a1[ (see Figure 1). Then κ
i(g0) transversely intersects a geodesic
g4 of λ˜ which is in [a, a1] × [b1, b]. However since λ˜ is a geodesic lamination that is
invariant under κ we get a contradiction. Thus λ˜ cannot cover a subset of C(Λ(pi1(X)))
with non-empty interior and λ cannot cover a subset of C(X) with non-empty interior.
The argument is analogous when [b1, b] is not a point. 
A homeomorphism between two closed hyperbolic surfaces induces a natural homeo-
morphism between the spaces of geodesics of their universal coverings that is equivariant
under the covering groups (see Bonahon [10], [11]). In general, a homeomorphism be-
tween two infinite Riemann surfaces does not induce an equivariant homeomorphism
between the spaces of geodesics of their universal coverings. This is easily seen by
considering a homeomorphism which sends a cusp onto a funnel. However, we prove
that when the hyperbolic metrics are such that the surfaces are equal to their convex
cores then a homeomorphism of surfaces induces an equivariant homeomorphism of the
spaces of geodesics of their universal coverings.
Theorem 3.6. Let X and X1 be two infinite Riemann surfaces which are equal to their
convex cores. A homeomorphisms f : X → X1 induces a natural homeomorphism f˜ :
G(X˜)→ G(X˜1) which projects to a well-defined map f : G(X)→ G(X1). Furthermore,
simple closed geodesics of X are mapped onto simple closed geodesics of X1 in the
homotopy classes of their image curves under f .
Proof. A lift f˜ : X˜ → X˜1 of the homeomorphism f : X → X1 conjugates the action of
pi1(X) onto the action of pi1(X1). Since the sets of fixed points of hyperbolic elements
of pi1(X) and pi1(X1) are dense in ∂∞X˜ and ∂∞X˜1 it follows that f˜ extends to an order
preserving injective map h from a dense subset of ∂∞X˜ onto a dense subset of ∂∞X˜1.
The universal covers R→ ∂∞X˜ and R→ ∂∞X˜1 are given by the exponential maps.
We lift the map h to an increasing map h˜ from a dense subset of R onto a dense subset
of R. We claim that h˜ can be extended to a homeomorphism of R. Indeed, let x ∈ R
be a point where h˜ is not defined. Then there exists an increasing sequence xn that
converges to x such that h˜ is defined on xn. Let a and b be the points of R on which
h˜ is defined such that a < x < b. We can assume that a < xn < b. Since h˜ is an
increasing map we have h˜(a) < h˜(xn) < h˜(b). Thus {h˜(xn)} is a bounded increasing
sequence in R and therefore it has a limit y ∈ R. If x′n is another increasing sequence
that converges to x on whose elements h˜ is defined then h˜(x′n) converges to some y
′.
For every x′n there exists xk(n) such that x
′
n < xk(n) which implies h˜(x
′
n) < h˜(xk(n)) < y.
By letting n→∞ we obtain y′ ≤ y and by changing the roles of xn and x′n we obtain
y ≤ y′. Thus y = y′ and we have a well-defined extension.
Therefore we extended h˜ to a map of R into R which can easily be seen to be an
increasing map. It remains to be proved that h˜ is onto. Let z ∈ R. Since h˜(R) is
dense in R there exists an increasing sequence yn = h˜(xn) that converges to z. Since h˜
is increasing it follows that the sequence xn is increasing and let x be its limit. Then
h˜(x) = z by the definition of h˜ and we established that h˜ is onto. Therefore h˜ is a
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continuous bijection. Finally h˜ is invariant under the covering transformations on a
dense subset of R and therefore it is invariant under covering transformations on all of
R. Therefore h˜ projects to a continuous bijection between ∂∞X˜ and ∂∞X˜1 which is a
homeomorphism by the invariance of domains theorem.
Finally a homeomorphism of boundaries ∂∞X˜ and ∂∞X˜1 extends to a homeomor-
phism f˜ : G(X˜) → G(X˜1) which is invariant under the actions of pi1(X) and pi1(X1).
Thus f induces a natural bijection between G(X) and G(X1). Since simple closed
geodesics on X are mapped by f to simple closed homotopically non-trivial curves on
X1 the last statement of the theorem follows. 
4. Train tracks from the pants decompositions
The theory of train tracks on closed surfaces was started by Thurston [38] and further
developed by various authors: Penner-Harer [29], Bonahon [11] to name a few. In this
section we introduce train tracks for infinite hyperbolic surfaces (that are equal to
their convex cores) and in doing so we use the ideas which are developed for closed
surfaces. Unlike for closed surfaces, the Milnor-Sˇvarc lemma does not hold for infinite
surfaces. Our results rely upon a fact that edge paths of the constructed train track
when lifted to the universal covering converge to well-defined ideal boundary points of
the universal covering. This fact needs to hold for an arbitrary surface without a priori
control of the geometry. For this reason we adopt standard Dehn-Thurston train tracks
on closed surfaces to infinite hyperbolic surfaces starting from a fixed geodesic pants
decomposition. When developing basic facts for these train tracks we mostly use the
approach and terminology of Bonahon’s book (see [11]) and Penner-Harer’s book (see
[29]).
Throughout this section we assume that X is an infinite Riemann surface equipped
with its conformal hyperbolic metric such that C(X) = X. Therefore the Riemann
surface X has no funnels and no half-plane ends. We fix a locally finite geodesic
pants decomposition {Pn}n of X. Denote by {αk}k the collection of cuffs of the pants
decomposition {Pn}n. Any simple geodesic of X either intersects a cuff, or it is a cuff, or
it belongs to a single pair of pants and accumulates at the cuffs at both of its ends. We
introduce an uncountable family of train tracks on X starting from the fixed geodesics
pants decomposition {Pn} by connecting the boundary geodesics (cuffs) {αk}k with
“standard train tracks” inside the pairs of pants as follows.
On each cuff αk we choose a base point ak ∈ αk. The base points ak will belong to
the set of vertices of the train track on X that we will construct below. There will be
additional vertices in each pair of pants but no additional vertices on αk. Each cuff
αk is an edge of the train track that has both ends equal to ak called a cuff edge. If
a pair of pants Pn has 3 cuffs α
n
1 , α
n
2 and α
n
3 , then we have a choice of four standard
train tracks inside Pn that meet cuffs at a
n
1 , a
n
2 and a
n
3 as in Figure 2 (see also [29]).
In addition, at each vertex ani we have two possible choices of smoothing and Figure
2 represents one such choice. This gives a total of 32 choices on a single pair of pants
with 3 cuffs.
If a pair of pants Pn has 2 cuffs α
n
1 and α
n
2 , then there are two possible configurations
of the “standard train tracks” in Pn illustrated in the first two cases of Figure 3. In
TRAIN TRACKS 11
αn1
αn2
αn3
an1 an2 a
n
3
αn1
an1
αn1
an1
αn1
an1
αn3
an3α
n
2
an2
αn2
Figure 2. The four standard train tracks on a pair of pants with 3 cuffs.
The smoothing at each cuff is chosen arbitrarily.
addition, at each vertex ani we have two possible choices of smoothing which gives a
total of 4 choices. Finally if a pair of pants Pn has 1 cuff α
n
1 , then there is one possible
configurations of the “standard train track” in Pn illustrated in the last case of Figure
3 and we have two possible choices of smoothing at an1 which gives a total of 2 choices.
We form a train track Θ on X as follows. In the interior of each pair of pants Pn we
choose a standard train track as in Figures 2 and 3. The two standard train tracks can
meet only at a base point of a cuffs on the boundary of the two pairs of pants. The
edges of the standard train tracks in the interior of Pn are called connector edges and
each cuff gives exactly one edge called a cuff edge. The vertices of Θ are formed by
all the basepoints ak on the cuffs αk and up to three vertices from the standard train
tracks in the interior of each pair of pants (see Figures 2 and 3).
Let e be a connector edge with one vertex v at a cuff αk. We orient e such that v
is the end point for the orientation. We further orient αk such that the unit tangent
vectors to αk and e at the vertex v agree. Then we will say that the connector edge e is
left tangent to αk if e is on the left of the oriented cuff αk. Otherwise the connector edge
e is right tangent to αk. Note that the notions of left and right tangent to a cuff are
independent of any a priori orientation of the cuff and depends only on the orientation
of the surface.
For each cuff αk, we introduce a requirement that the two connector edges (on op-
posite sides and) meeting αk are either both left or both right tangent to αk. By the
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αn1
an1
αn2
an1
αn1αn2
αn1
an1
Figure 3. The standard train tracks when pairs of pants have 2 or 1 cuff.
definition of standard train tracks in geodesic pairs of pants, each complementary re-
gion of Θ is either a Jordan domain with piecewise smooth boundary and exactly three
non-smooth points (called a triangle) or a Jordan domain minus a point with smooth
boundary except at one point (called a punctured monogon).
A train track Θ on X obtained by making consistent choices of smoothing at each
vertex on a cuff is called a pants train track. In fact, there are uncountably many pants
train tracks on X defined using a fixed pants decomposition {Pn} of X.
We fix one pants train track Θ on X and denote by Θ˜ the lift to X˜. The set of edges
of Θ is denoted by E(Θ) and the set of edges of Θ˜ is denoted by E(Θ˜). An edge path
in Θ˜ is a finite or infinite or bi-infinite sequence of edges of Θ˜ such that the consecutive
edges meet smoothly at each vertex.
We will need the following lemma.
Lemma 4.1. Let α˜k be a single lift of a cuff and a˜k ∈ α˜k a lift of the base point ak.
Then the number of lifts of cuffs on one side and connected to α˜k by finite edge paths
starting at a˜k which are not crossing lifts of cuffs is at most four.
Proof. Note that the finite edge paths that we consider are obtained by lifting of the
standard train tracks in the pair of pants adjacent to αk corresponding to the given side
of α˜k. We note that some standard train tracks have closed loops and a single lift of a
closed loop can connect α˜k to infinitely many lifts of cuffs. By considering how different
smoothing effectively restrict closed curves in the standard train tracks to correspond
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to more than two edge paths in the lift, we conclude that the total number is at most
four (see Figure 4). 
α˜n1
α˜n2
˜˜αn1
α˜n3
˜˜˜α1n
Figure 4. The lift of a standard train track from upper left of Figure
2. There are four lifts of cuffs connected by finite edge paths to a single
vertex of the lift of a cuff on the left side of the figure.
Remark 4.2. By our choice connector edges of Θ that meet a cuff are either all left
tangent or all right tangent to the cuff and the same is true for the lifted train track Θ˜
and lifts of cuffs. Let γ˜ = (e1, e2, . . .) be an edge path of Θ˜. We orient edges ei such
that the end point of ei is the initial point of ei+1. Assume that the connector edge e1
starts on a lift α˜1 of a cuff and let ei be the next connector edge of γ˜ that intersects a
lift of a cuff α˜2. The lifts of cuffs α˜1 and α˜2 are on the boundary of a single component
P˜ of the lift of a pair of pants P from the fixed pants decomposition of X. Then either
all other edges of γ˜ after ei remain on α˜2 or, an at most finitely many edges (ei, . . . , ek)
of γ˜ remain on α˜2 and the edge ek+1 leaves P˜ . This follows because an edge path in Θ˜
cannot come in at a lift of a cuff and leave it on the same side of the lift of a cuff since
connector edges meeting α˜2 are either all left tangent or all right tangent to α˜2. In
other words, an edge path γ˜ cannot “bounce off” from one boundary of P˜ back inside
P˜ to meet another boundary component.
Let γ˜ = (e1, e2, e3, . . . , en, . . .) be an infinite edge path of the train track Θ˜. We will
say that γ˜ crosses a lift α˜k of a cuff αk of the fixed pants decomposition {Pn} if γ˜ has
edges in both complementary half-planes of α˜k in X˜. We prove the following technical
lemma for the later use.
Lemma 4.3. Let γ˜ be an infinite edge path on the train track Θ˜ such that no tail of γ˜
lies on a single lift α˜k of a cuff αk. Then γ˜ crosses infinitely many lifts of cuffs and if
γ˜ crosses α˜k it cannot return to it later.
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Proof. We first prove the second claim. Orient each edge en of γ˜ such that its end
point coincide with the initial point of en+1. Let en0 ∈ γ˜ be a connector edge with the
initial point on a lift α˜k of a cuff αk (necessarily en0 * α˜k) and assume on the contrary
that γ˜ meets α˜k in an another connector edge en1 for some n1 > n0. Consider the
sequence α˜k, α˜k+1, . . . α˜l of lifts of cuffs that have points in common with the edge path
(en0 , en0+1, . . . , en1). By Remark 4.2 each α˜j+1 separates α˜j and α˜j+2 and thus the edge
path (en0 , en0+1, . . . , en1) cannot return to α˜k which proves the second claim.
We prove the first claim next. The edge path γ˜ does not cross infinitely many lifts of
cuffs if and only if its tail remains in the closure of a single component P˜n of the lift of a
pair of pants Pn. If the tail stays on a lift of the same cuff then the assumptions in the
lemma are violated. Therefore we can assume that the tail has edges on the infinitely
many lifts of cuffs which are on the boundary of P˜n. Thus the tail contains a finite
path of connector edges {ei, ei+1, . . . , ej} connecting a lift α˜k of a cuff to the lift α˜k+1
of a cuff. By Remark 4.2 the tail either stays forever on α˜k+1 or it leaves P˜n through
α˜k+1 which is a contradiction. Thus the first claim follows. 
The above proof gives more detailed information on the nested sequence of lifts of
cuffs that are crossed by an infinite edge path of Θ˜ which we state as a separate lemma.
Lemma 4.4. Let γ˜ = (e1, e2, e3, . . . , en, . . .) be an infinite edge path in Θ˜ and let {α˜k}∞k=1
be the nested sequence of lifts of cuffs that are crossed by γ˜ in the given order. Each
consecutive pair (α˜k, α˜k+1) of lifts of cuffs is on the boundary of a single component of
a lift of a pair of pants. Moreover α˜k is connected to α˜k+1 by a unique finite edge path
of γ˜ which consists of only connector edges that are lifts of a standard train track in a
single pair of pants.
We prove that two lifts of cuffs in X˜ (which need not be adjacent) are connected by
an at most one edge path of Θ˜. We will say that a sequence of lifts {α˜j}j is nested if
for each j0 a half-plane with α˜j0 on its boundary contains α˜j for all j > j0.
Lemma 4.5. Let Θ˜ be the lift to the universal cover X˜ of the above constructed pants
train track Θ. Then for any two different lifts α˜1 and α˜2 of cuffs there is an at most
one finite edge path of Θ˜ that connects them.
Proof. Any two lifts of cuffs on a single component of a lift of a pair of pants are
connected by an at most one path of connector edges. Indeed, if they are connected
by two paths of connector edges then these two paths together with two subarcs of the
lifts of cuffs form a Jordan domain with smooth boundary except at two points with
zero angle. This domain is union of the complementary triangles of Θ˜. A standard
application of Poincare´-Hopf theorem gives a contradiction (see [11, Page 24] or [29,
Page 7]). Therefore an at most one path of connector edges connects two lifts of cuffs
in a single component of the lift of a pair of pants.
Assume that lifts of cuffs α˜1 and α˜2 are connected by two finite edge paths γ˜1 and
γ˜2 in Θ˜. The nested families of lifts of cuffs that γ˜1 and γ˜2 are crossing are identical.
Indeed, if they are not identical then one edge path would have two different subpaths
connecting two lifts of cuffs on a single component of the lift of a pair of pants which
is impossible by the above paragraph.
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Thus the connector edges of γ˜1 and γ˜2 are identical. The cuff edges of γ˜1 and γ˜2 are
determined uniquely by the connector edges and therefore γ˜1 = γ˜2. 
We prove that each infinite edge path on Θ˜ accumulates to a unique point on the
boundary ∂∞X˜ of X˜ which is the key result for encoding simple geodesics using bi-
infinite edge paths.
Proposition 4.6. An infinite edge path γ˜ = (e1, e2, . . . , en, . . .) in Θ˜ has a unique
accumulation point on ∂∞X˜. Moreover two infinite edge paths γ˜ and γ˜1 in Θ˜ have
the same accumulation point if and only if the edge paths have the same tails up to
renumbering. Thus a bi-infinite edge path γ˜ = (. . . , e−n, . . . , e−1, e0, e1, . . . , en, . . .) has
two distinct accumulation points on ∂∞X˜.
Proof. Consider an infinite edge path γ˜ = (e1, e2, e3, . . . , en, . . .) in Θ˜ and we orient each
edge en such that its endpoint is the initial point of en+1. If there is n0 such that all
edges en for n ≥ n0 belong to a single lift α˜k of a cuff αk then the unique accumulation
point of γ˜ is the appropriate endpoint of α˜k.
A single lift α˜k of a cuff αk of the fixed pants decomposition of X is a bi-infinite
geodesic in X˜ and it divides X˜ into two hyperbolic half-planes. Since C(Λ(pi1(X))) = X˜
and the fixed geodesic pants decomposition is locally finite, each nested sequence of lifts
of cuffs accumulates to a single point on ∂∞X˜.
By Lemma 4.3 an infinite edge path γ˜ whose tail does not lie on a single lift of a cuff
intersects a nested sequence of lifts α˜j of the cuffs without backtracking and therefore
it accumulates to a single point on ∂∞X˜. This proves the first statement.
We prove the second statement in the proposition. If γ˜ and γ˜1 have the same tails
then they converge to the same point.
Conversely assume that γ˜ and γ˜1 accumulate to the same point x ∈ ∂∞X˜. The point
x is either an endpoint of a lift of a cuff or the accumulation point of a nested sequence
of lifts of cuffs. In the former case both γ˜ and γ˜1 must eventually lie on the lift of the
cuff because otherwise the separation and no backtracking properties from Lemmas 4.3
and 4.5 would not allow this convergence. Thus γ˜ and γ˜1 agree on their tails.
Assume now that x is the accumulation of a nested sequence of consecutive lifts
{α˜k}∞k=1 of cuffs. By Lemma 4.3, γ˜ and γ˜1 intersect the family {α˜k}∞k=k0 for some
k0 ≥ 0 because they have the same endpoint. Then Lemma 4.5 implies that γ˜ and γ˜1
agree on their tails. This finishes the proof of the second statement.
Consider a bi-infinite edge path γ˜ = (. . . , e−n, . . . , e−1, e0, e1, . . . , en, . . .) in Θ˜. Divide
it into two infinite edge paths γ˜1 = (. . . , e−n, . . . , e−1, e0) and γ˜2 = (e0, e1, . . . , en, . . .).
The two paths have different tails and therefore they converge to different points on
∂∞X˜. 
Given a bi-infinite edge path γ˜ of Θ˜ we denote by G(γ˜) the geodesic of X˜ whose
endpoints on ∂∞X˜ are the two accumulation points of γ˜. We will say that a geodesic
g˜ of X˜ is weakly carried by Θ˜ if there exists a bi-infinite edge path γ˜ in Θ˜ such that
G(γ˜) = g˜.
Proposition 4.7. There is a one to one correspondence between bi-infinite edge paths
of Θ˜ and geodesics weakly carried by Θ˜.
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Proof. Assume that G(γ˜) = G(γ˜1) = g for two bi-infinite edge path in Θ˜. Then γ˜ and
γ˜1 have to agree on both of their tails by Proposition 4.6. Therefore we have at most a
finite subpath of γ˜ and a finite subpath of γ˜1 that have the same end edges but might
not agree on the interior edges. This is not possible by Lemma 4.5. Thus γ˜ = γ˜1 after
possible renumbering the sequences. 
Let γ be an edge path in Θ and γ˜ a single component lift of γ to the universal
covering. Recall that G(γ˜) is a geodesic whose endpoints are equal to the endpoints
of γ˜. For any κ ∈ pi1(X) we have that κ(G(γ˜)) = G(κ(γ˜)). Define G(γ) to be the
projection of G(γ˜) onto X. We will say that a geodesic g = G(γ) is weakly carried
by Θ. Let G(Θ) denote the set of all geodesics weakly carried by Θ. Proposition 4.7
immediately gives
Proposition 4.8. There is a one to one correspondence between bi-infinite edge paths
of Θ and geodesics weakly carried by Θ.
We describe the convergence of geodesics in terms of the corresponding bi-infinite
edge paths in Θ˜. Denote by G(Θ˜) the set of all geodesics of X˜ that are weakly carried
by Θ˜.
Proposition 4.9. Let gn, g ∈ G(X˜) be weakly carried by a train track Θ˜. Denote by
γ˜n, γ˜ the corresponding bi-infinite edge paths in Θ˜. Then gn converges to g as n → ∞
if and only if for each finite subpath γ˜′ of γ˜ there is n0 ≥ 0 such that γ˜ is contained in
the path γ˜n for all n ≥ n0.
Proof. Assume gn → g as n→∞. Each endpoint of g corresponds to an infinite tail of
γ˜. We fix a finite subpath γ˜ of γ and need prove that there exist n0 ≥ 0 such that γ˜n
contains γ˜ for n ≥ n0. The proof is divided into several cases.
Case 1. The first case is when both tails of γ˜ are crossing infinitely many lifts of cuffs.
Denote by {α˜k}∞k=−∞ the lifts of cuffs that γ˜ intersects in the given order. Let x ∈ ∂∞X˜
be the limit of the nested sequence of cuffs {α˜k}0k=−∞ and y the limit of the nested
sequence of cuffs {α˜k}∞k=0.
We can assume without loss of generality that the finite subpath γ˜′ connects the
lifts α˜−k0 and α˜k0 of cuffs. Since G(γ˜n) = gn converges to G(γ˜) = g we have that the
endpoints xn, yn of G(γ˜n) converge to x, y. Thus there is n0 ≥ 0 such that xn and
x are separated from y by a half-plane with boundary α˜−k0 , and points yn and y are
separated from x by a half-plane with boundary α˜k0 for n ≥ n0. Therefore the edge
path γ˜n connects α˜−k0 and α˜k0 for n ≥ n0. This implies that γ˜n contains γ˜′ for n ≥ n0
by Lemma 4.5.
Case 2. Assume that one tail of γ˜ is on a single lift of a cuff α˜ and the other tail crosses
infinitely many lifts of cuffs. Then g has one endpoint equal to an appropriate endpoint
x ∈ ∂∞X˜ of α˜ and the other endpoint y of g is accumulated by a sequence of nested
lifts of cuffs {α˜k}∞k=1 such that α˜1 and α˜ are on the boundary of a component of the lift
of a pair of pants from the decomposition. Since gn → g endpoints xn, yn ∈ ∂∞X˜ of gn
converge to the endpoints x, y of g as n→∞.
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If xn = x for n ≥ n0 ≥ 0 then the proof is similar to the Case 1. We assume now
that xnk 6= x for an infinite subsequence xnk of xn. Denote by P˜ 1x and P˜ 2x the lifts
of pairs of pants from the fixed pants decomposition that have α˜ on their boundaries
where P˜ 1x contains α˜1 on its boundary and P˜
2
x is on the other side of α˜. There are two
possibilities: either xnk contains an infinite subsequence xnkj that is on the side of α˜
that contains P˜ 1x or the whole sequence xnk is on the side of α˜ that contains P˜
2
x .
Assume first that xnkj is on the side of α˜ that contains P˜
1
x . Since xnkj → x and
xnkj 6= x the edge path γ˜nkj intersects a boundary geodesic (a lift of a cuff) β˜nkj of P˜ 1x
such that xnkj is separated from x by the closed half-plane whose boundary in X˜ is β˜nkj
and which does not contain P˜ 1x (this includes the possibility that xnkj is an endpoint of
βnkj ).
For the convenience of the argument, we identify X˜ with the unit disk D. We arrange
the components of the complement of P˜ 1x in the unit disk into a sequence {Cl} and note
that their Euclidean size goes to zero as l→∞. Since xnkj → x and xnkj 6= x it follows
that xnkj ∈ Cl(j) such that l(j) → ∞ as j → ∞. Thus the Euclidean size of β˜nkj goes
to zero and the endpoints of β˜nkj converge to x as j →∞.
Since α˜1 6= α˜, the endpoints of β˜nkj do not converge to an endpoint of α˜1. By Lemma
4.1, the set of all lifts of cuffs on the boundary of P˜ 1x that are connected to α˜1 by finite
edge paths is the orbit of finitely many lifts of cuffs under the cyclic stabilizer of α˜1
in the group pi1(X). Consequently, any infinite sequence of distinct lifts of cuffs on
the boundary of P˜ 1x connected to α˜1 by finite edge paths consisting of connector edges
converges to endpoints of α˜1. Since the endpoints of β˜nkj do not converge to endpoints
of α˜1, it follows that β˜nkj and α˜1 are not connected by a connector edge for j large
enough. Given that β˜nkj and α˜1 are on the boundary of P˜
1
x , Remark 4.2 implies that no
edge path in Θ˜ connects them. Thus the geodesic gnkj for j large is not weakly carried
by Θ˜ which is a contradiction and no subsequence xnkj is on the side of α˜ that contains
P˜ 1x .
Assume next that xnk is on the same side of α˜ as P˜
2
x . Let β˜nk be the boundary
side of P˜ 2x different from α˜ that gnk (or equivalently the corresponding edge path γ˜nk)
intersects. Then both endpoints of β˜nk converge to x by the same method as above.
Since γ˜nk enters P˜
2
x through α˜ it can leave it only through a boundary connected to α˜
by a finite edge path of connector edges of Θ˜ by Lemma 4.4. Since the endpoints of β˜nk
converge to an endpoint x of α˜ it follows that the edge path γ˜nk contains a finite edge
path of Θ˜ connecting α˜1 and α˜ followed by a large number of cuff edges of Θ˜ that lie on
α˜ and then followed by a finite edge path connecting α˜ and β˜nk . Given a finite subpath
γ˜′ of γ˜, we choose k0 ≥ 0 such that all cuff edges of γ˜′ that are on α˜ are contained in
γ˜nk for k ≥ k0. By choosing larger k0 if necessary, the method in Case 1 gives that all
edges on γ˜′ that are not on α˜ are contained in γ˜nk for k ≥ k0. Thus γ˜nk contains a finite
subpath of γ˜′ for k ≥ k0.
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Case 3. Assume that γ˜ consists of edges on a single lift α˜ of a cuff. Let x, y be the
endpoints of α˜ and let xn, yn be the endpoints of γ˜n where xn → x and yn → y as
n→∞. Then the points xn and yn have to be on the opposite sides of α˜ or we would
have a contradiction similar to the Case 2. If they are on the opposite sides of α˜ then
the argument of the Case 2 shows that γ˜n contains a large number of cuff edges on α˜
which finishes the proof.
Case 4. Assume that γ˜ has two tails in two different lifts of cuffs α˜1 and α˜2. Let γ˜
′ be
a finite subpath with an initial edge on α˜1 and a terminal edge on α˜2. By applying the
method of Case 2 to γ˜′ we find n0 ≥ 0 such that γ˜n contains the initial and terminal
edges of γ˜′ for n ≥ n0. By the uniqueness of edge paths, γ˜n contains γ˜′ for n ≥ n0. 
Definition 4.10. Two bi-infinite edge paths γ˜ = (. . . , e−n, . . . , e−1, e0, e1 . . . , en, . . .)
and γ˜′ = (. . . , e′−n, . . . , e
′
−1, e
′
0, e
′
1 . . . , e
′
n, . . .) cross each other if, after possible reversing
the orientation and renumbering, there exists p < q such that es = e
′
s for p < s < q,
and that e′p and e
′
q lie on the opposite sides of γ˜.
It is clear that the geodesics represented by bi-infinite edge paths γ˜ and γ˜′ are inter-
secting if and only if γ˜ and γ˜′ cross each other. Then two geodesics on X represented
by edge paths γ and γ′ of the train track Θ intersect each other if and only if their
corresponding edge paths cross each other. This also holds true when γ = γ′ and allow
us to characterize simple geodesics as corresponding to bi-infinite edge paths that do
not cross themselves.
A geodesic lamination λ of X is weakly carried by Θ if every geodesic of λ is weakly
carried by Θ. If λ is weakly carried by Θ then its lift λ˜ is weakly carried by Θ˜. The
proposition below follows directly from previous discussions.
Proposition 4.11. The set of geodesic laminations on X that are weakly carried by
Θ is in a one to one correspondence with the families Γ of bi-infinite edge paths that
satisfy:
• Any two bi-infinite edge paths γ and γ′ in Γ do not cross, and
• If γ is a bi-infinite edge path such that for any finite edge subpath there is a
bi-infinite edge path in Γ that contains it, then γ ∈ Γ.
We prove that our special construction of pants train tracks is general enough for our
purpose of giving a local parametrization of the space of measured geodesic laminations
on X. Hence we will assume that geodesic laminations do not have leaves which spiral
to the cuffs of the pants decomposition.
Proposition 4.12. Fix a locally finite geodesic pants decomposition of a Riemann sur-
face X whose fundamental group pi1(X) is of the first kind. Given a geodesic lamination
λ on X which does not have leaves spiraling to a cuff, there is a pants train track Θ
such that λ is weakly carried by Θ. The pants train track Θ is constructed using the
fixed pants decomposition.
Proof. Let {Pn}n be a fixed locally finite geodesic pants decomposition of X and {αk}k
the family of all cuffs of {Pn}n. Consider a geodesic lamination λ on X which does not
have a leaf spiraling to a cuff of {Pn}n. In each pair of pants Pn the set of arcs λ ∩ Pn
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is divided into an at most three homotopy classes setwise fixing the cuffs. We choose a
standard train track in Pn that has finite edge paths homotopic to each arc in λ ∩ Pn
setwise fixing the cuffs as in Figures 2 and 3 (see also [29, Section 2.6]). The choice of a
standard train track is unique in each Pn where the number of homotopy classes of the
arcs λ ∩ Pn is maximal. If the number of homotopy classes in Pn is not maximal then
there is a more than one choice of a standard train track and we fix one such choice. It
remains to choose the smoothing at the cuffs.
The smoothing is done based on the standard construction of Dehn-Thurston coordi-
nates for multi-curves and measured laminations on closed surfaces (see Penner-Harer
[29, Page 15]). We fix a closed arc Ik on each cuff αk which we call a window on αk and
denote its midpoint by ak. Choose a regular neighborhood Uk of each cuff αk which is
a hyperbolic collar of width equal half the standard collar width so that the closures
of two different Uk are disjoint. On each boundary component ∂iUk for i = 1, 2 of Uk
we denote by I ik the closed arc that orthogonally project to Ik. The arcs I
i
k are called
windows of the regular neighborhood Uk and denote their midpoints by a
i
k. Denote by
P ∗n the pair of pants obtained by deleting the neighborhoods Uk of the cuffs of Pn.
In each Pn we find an isotopy H pointwise fixing the cuffs that moves the family of
arcs λ∩Pn into a family of arcs Λn that enter one-sided regular neighborhoods of cuffs
through the interior of their windows and once they enter these neighborhoods they can
only leave them through the cuffs. In addition, we require that there exists a standard
train track in P ∗n with endpoints at a
i
k such that for each arc l
′ in Λn ∩ P ∗n there is a
homotopy modulo windows I ik onto a simple edge path of the standard track in P
∗
n and
we choose this standard train track on each P ∗n .
It remains to connect the standard train tracks in P ∗n from their endpoints a
i
k to the
points ak ∈ αk by simple arcs inside one-sided neighborhoods (the half of Uk) such that
they are either right or left tangent to αk on both sides of αk.
Consider two-sided regular neighborhood Uk of αk and the family Λˆk of arcs in Uk
connecting the windows I1k and I
2
k obtained by the above isotopy H of the arcs λ ∩
(P ′n ∪ P ′′n ), where P ′n, P ′′n are the two (geodesic) pairs of pants that have αk on their
boundaries. Let cik ∈ ∂I ik for i = 1, 2 be endpoints of the windows I ik such that the
shortest closed geodesic arc bk in Uk that connects them is orthogonal to αk. For an
arc l ∈ Λˆk, the absolute value of the twist number equals the essential number of its
intersections with bk. Let lˆ ⊂ Uk be an arc homotopic to l modulo endpoints that
realizes the twist number. The twist number of l is positive if lˆ goes to the right once
it starts from the window I1k and it is negative if it goes to the left. The twist is zero if
there is no essential intersections. The twist number of any other l′ ∈ Λˆk differs by at
most one since arcs in Λˆk are disjoint.
The absolute value of the twist number around αk is the maximum of the absolute
value of the twist numbers over all arcs in Λ˜k. The sign is positive if at least one arc
has a positive twist number and it is negative if at least one arc has negative twist.
Since I1k and I
2
k orthogonally project to Ik, the set of points in Uk whose orthogonal
projection on αk is inside Ik forms a quadrilateral Qk whose two opposite sides are
I1k and I
2
k , and the other two opposite sides are geodesic arc bk and the geodesic arc
connecting two endpoints of I1k and I
2
k different from c
1
k and c
2
k. We connect the two
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standard train tracks in the pairs of pants (P ′n)
∗ and (P ′′n )
∗ at the point ak ∈ αk by
connecting the points a1k and a
2
k inside Qk. It is possible that αk is on the boundary of
a single pair of pants in which case we connect the standard train track to itself at the
point ak. The smoothing at ak is chosen such that the connector edge is coming from
the right of αk if the twist is positive and it is from the left if the twist is negative. If
the twist is zero then the smoothing is arbitrary. Note that the incoming edges from
both sides of αk are simultaneously either right or left tangent. Since points a
i
k became
bivalent edges we can erase them and consider standard tracks in Pn which have ak
vertices on αk.
The choices of isotopies in the pairs of pants minus regular neighborhoods of cuffs
followed by the choices of homotopies in the regular neighborhood of cuffs guarantee
that each geodesic of λ is homotopic to an edge path in Θ. In fact, we can arrange that
this homotopy setwise fixes the cuffs αk. We need to show that each geodesic g of the
lift λ˜ to the universal cover X˜ of the geodesic lamination λ has the same endpoints on
∂∞X˜ as an edge path in Θ˜.
Let g¯ be the geodesic of λ whose one lift is g and let γ¯ be an edge path in Θ that
is homotopic to g¯. By lifting the homotopy between g¯ and γ¯ to the universal cover X˜
starting from the geodesic g we obtain an edge path γ in Θ˜ which is a lift of γ¯ and is
homotopic to g. The homotopy of g and γ is not necessarily bounded in the hyperbolic
metric of X˜.
Since g¯ cannot accumulate to a cuff it follows that either both ends of g¯ intersect cuffs
infinitely many times or g¯ is a cuff. Therefore g is either a lift of a cuff or both ends of
g intersect two sequences of nested cuffs that accumulate to the ideal endpoints of g.
If g = α˜k then the construction of Θ˜ allows us to take γ to be the bi-infinte sequence
of cuff edges of α˜k.
Assume that both ends of g intersect nested sequences of lifts of cuffs. Since the
homotopy between g¯ and γ¯ can be chosen such that it setwise fixes the cuffs, it follows
that the homotopy between g and γ setwise preserves each lift of a cuff. Therefore g
and γ intersect the same sequence of nested lifts of cuffs at both of their ends and they
have the same endpoints on ∂∞X˜. Thus we obtained that g is weakly carried by Θ˜.
Since g is a lift of an arbitrary geodesic of λ, it follows that λ is weakly carried by
Θ. 
5. Measured laminations carried by train tracks
In this section we parametrize the set of all measured laminations on X that are
weakly carried by pants train tracks using the edge weight systems(see [29], [10] for
the case of a closed surface). We first introduce some standard definitions regarding
measured laminations and train tracks analogous to the closed surfaces (see Bonahon
[11]).
A geodesic on the universal covering X˜ is uniquely determined by its two ideal end-
points on ∂∞X˜. In Section 3, we identified the space of unoriented geodesics G(X˜)
of the universal covering with (∂∞X˜ × ∂∞X˜)/(Z/2Z), where the action of Z/2Z sends
(a, b) ∈ ∂∞X˜ × ∂∞X˜ to (b, a).
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Definition 5.1. A geodesic current µ on X is a Radon measure µ˜ on the space G(X˜)
of unoriented geodesics on the universal covering X˜ of X that is invariant under the
action of the covering group pi1(X). Here a Radon measure is a Borel measure that
satisfies µ˜(K) <∞ for any compact K ⊂ G(X˜).
The space of geodesic currents carries a natural weak* topology(see [12]). Namely,
let ξ : G(X˜)→ R be a continuous function with compact support. The semi-norm | · |ξ
induced by the function ξ is
|µ˜|ξ = |
∫
G(X˜)
ξdµ˜|
for any geodesic current µ. The weak* topology on the geodesic currents of X is induced
by the family of semi-norms | · |ξ, where ξ runs through all continuous functions with
compact support. We also note that the weak* topology on the space of geodesic
currents is metrizable (see [12]).
Denote by H(X˜) the set of all isometries of X˜ for the hyperbolic metric induced
from X. Given a continuous function ξ : G(X˜) → R with compact support, we define
another semi-norm ‖ · ‖ξ by
‖µ˜‖ξ = sup
ϕ∈H(X˜)
|
∫
G(X˜)
ξ ◦ ϕdµ˜|
for any geodesic current µ (see [12]). The space of bounded geodesic currents Cb(X)
consists of all geodesic currents µ on X such that ‖µ˜‖ξ < ∞ for all continuous ξ :
G(X˜) → R with compact support (see [12]). The uniform weak* topology on Cb(X) is
induced by the family of seminorms ‖·‖ξ, where ξ runs through all continuous functions
with compact support. Note that the uniform weak* topology is metrizable (see [12]).
Definition 5.2. A measured lamination µ on X with support the geodesic lamination
λ on X is a geodesic current µ˜ whose support is the lift λ˜ of λ. A measured lamination
µ with support λ is weakly carried by Θ if the geodesic lamination λ˜ is weakly carried
by Θ˜.
The set G(Θ˜) consists of all geodesics of X˜ that are weakly carried by Θ˜. Given a
finite edge path γ of Θ˜, we denote by G(γ) the set of geodesics in G(Θ˜) whose bi-infinite
edge paths contain γ as a subpath. For an edge e ∈ E(Θ˜), denote by G(e) the set of
geodesics in G(Θ˜) that contain e in their bi-infinite edge paths on Θ˜. If e is an edge in
γ then G(γ) ⊂ G(e).
The following two propositions are technical tools needed in the rest of the paper.
Before stating the propositions we define a special type of subsets of G(X˜).
Definition 5.3. Let I and J be two disjoint closed subarcs of ∂∞X˜. A box of geodesics
I × J is the set of unoriented geodesics of G(X˜) with one endpoint in I and the other
endpoint in J .
Proposition 5.4. Let γ be a finite edge path in Θ˜ that has only its initial and end
vertex on lifts of cuffs α˜ and β˜. Then there exist two boxes of geodesics Q′ = I ′ × J ′
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and Q = I × J such that G(γ) = G(Θ˜) ∩ Q′ = G(Θ˜) ∩ Q and Q′ is contained in the
interior Q◦ of Q.
Let I1 and I2 be two components of I \ I ′, and let J1 and J2 be the two components of
J \ J ′. If the lengths of the cuffs of the pants decomposition of X are between 1/M and
M , and the number of edges in γ is at most d > 0, then there exists m = m(d,M) > 0
and a choice of Q and Q′ such that the Liouville measure of each of the boxes of geodesics
I1 × J , I2 × J , I × J1 and I × J2 is between 1/m and m.
Proof. The lifts of cuffs α˜ and β˜ are on the boundaries of two disjoint half-planes. Let
I ′ ⊂ X˜ be the closed interval which is the ideal boundary of the half-plane bounded
by α˜ and let J ′ be the closed interval which is the ideal boundary of the half-plane
bounded by β˜ (see Figure 5).
Let v1 be the vertex of γ on α˜ and v2 the vertex of γ on β˜. Let v
′
1 and v
′′
1 be two
vertices of Θ˜ on α˜ on the opposite sides of v1 that are adjacent to v1. Let v
′
2 and v
′′
2 be
two vertices of Θ˜ on β˜ on the opposite sides of v2 that are adjacent to v2. Let α˜
′ be a
lift of a cuff between α˜ and β˜ that is connected to v′1 by a finite edge path not crossing
any lift of a cuff. Similarly let α˜′′ be a lift of a cuff connected to v′′1 by a finite edge
path not crossing any lift of a cuff and being in between α˜ and β˜. In a similar fashion
we define lifts of cuff β˜′ and β˜′′ that are connected to v′2 and v
′′
2 (see Figure 5).
I
I ′
J ′
J
v1
v′′1
v′1
α˜
α˜′
α˜′′
v2
v′′2
v′2
β˜′′
β˜′
β˜
γ
Figure 5. The set G(γ) inside a pair of nested boxes of geodesics when
γ connects two lifts of cuffs.
We choose I ⊃ I ′ to be the smallest closed interval on ∂∞X˜ that contains endpoints
of α˜′ and α˜′′ and we choose J ⊃ J ′ to be the smallest closed interval on ∂∞X˜ that
contains endpoints of β˜′ and β˜′′. The obtained boxes of geodesics Q = I × J and
Q′ = I ′ × J ′ satisfy G(γ) = G(Θ˜) ∩Q′ = G(Θ˜) ∩Q by the construction.
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Assume that the lengths of the cuffs of the pants decomposition of X are in between
1/M and M . Then the distance between adjacent lifts of cuffs and the lengths of cuffs
edges of Θ˜ are bounded between 1/M1 and M1. Thus the distance between α˜ and β˜ is
at most dM1. Further, the distance between α˜
′ and β˜ is at most (d+ 6)M1. The same
bound bound holds for the distance between α˜′′ and β˜, the distance between β˜′ and α˜,
and the distance between β˜′′ and α˜. This gives the bounds on the Liouville measures
of I1 × J , I2 × J , I × J1 and I × J2. 
Proposition 5.5. Let γ be a finite edge path in Θ˜ that lies on a single lift of a cuff
α˜. Then there exist two boxes of geodesics Q′ = I ′ × J ′ and Q = I × J such that
G(γ′) = G(Θ˜) ∩Q′ = G(Θ˜) ∩Q and Q′ is contained in the interior of Q.
Let I1 and I2 be two components of I \ I ′, and let J1 and J2 be the two components
of J \ J ′. If the lengths of the cuffs of X are between 1/M and M , and the distance
between the end vertices of γ′ is at most d > 0, then there exists m = m(d,M) > 0 and
a choice of Q and Q′ such that the Liouville measure of each of the boxes of geodesics
I1 × J , I2 × J , I × J1 and I × J2 is between 1/m and m.
Proof. Assume first that the connector edges are right tangent to α. Fix an arbitrary
orientation of α˜ and assume that γ is given the induced orientation. Let v1 and v2 be
the initial and end vertex of γ. There is finitely many lifts of cuffs connected to α˜ by
a finite edge path with initial vertex v1 that does not cross any lifts of cuffs and is on
the right of α˜ for the fixed orientation. Denote by β˜′1 the lift of the cuff that is farthest
away from the initial point of α˜ out of the above finite set of lifts of cuffs (see Figure
6). The interval I ′ is the smallest interval that contains the initial point of α˜ and the
endpoints of β˜′1 but does not contain the end point of α˜. We define β˜
′
2 with respect to
v2 on the left side of α˜ in analogous manner (see Figure 6). The interval J
′ is defined
using the end point of α˜ and the endpoints of β˜′2 analogously.
There is countably many lifts of cuffs connected to β˜′1 by a finite edge path not
crossing other lifts of cuffs that have endpoints in ∂∞X˜ \ (I ′ ∪ J ′). Let β˜1 be the lift of
a cuff whose endpoints are farthest from I ′.
There is countably many lifts of cuffs connected to β˜′2 by a finite edge path not
crossing other lifts of cuffs that have endpoints in ∂∞X˜ \ (I ′ ∪ J ′). Let β˜2 be the lift of
a cuff whose endpoints are farthest from J ′.
Let β′′1 be a lift of a cuff on the left side of α˜ that is connected to it by a finite edge
path not crossing a lift of a cuff and has a vertex v1. Let β
′′
2 be a lift of a cuff on the
right side of α˜ that is connected to it by a finite edge path not crossing a lift of a cuff
and has a vertex v2.
Let I be the smallest interval containing I ′ and endpoints of β˜1 and β˜′′1 but not
containing J ′. Let J be the smallest interval containing J ′ and endpoints of β˜2 and β˜′′2
but not containing J ′. (see Figure 6).
Then I ′×J ′ ⊂ I×J satisfy the desired properties with proofs similar to the previous
proposition. Finally, if the connector edges are left tangent the proof is analogous. 
Let µ be a measured lamination on X that is weakly carried by Θ and µ˜ its lift to a
geodesic current on X˜. Let e¯ be a connector edge on Θ and e a single connector edge
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I I
′
J
J ′
γ
v1
v2
β˜′1
β˜1
β˜2
β˜′2
α˜
β˜′′1
β′′1
Figure 6. The set G(γ) inside a pair of nested boxes of geodesics when
γ consists of cuff edges.
of Θ˜ that projects to e¯. Then there exits a finite set of finite connector edge paths
{γ1, . . . , γj} such that each γi contains e, connects two lifts of cuffs without crossing
any lifts of cuffs and
G(e) = ∪ji=1G(γi).
By Proposition 5.4 and additivity of µ˜ we have that
µ˜(G(e)) <∞.
When e is a cuff edge we obtain µ˜(G(e)) <∞ directly from Proposition 5.5.
We define µ˜(γ) to be the quantity µ˜(G(γ)). By the invariance of µ˜ under the action
of pi1(X), this gives a well-defined number µ(γ¯) where γ¯ is the projection of γ on Θ. If
e¯ is an edge of Θ then we define µ(e) := µ˜(G(e)) where e ∈ E(Θ˜) projects to e¯ ∈ E(Θ).
Fix a vertex v¯ of the train track Θ. An edge with a vertex v¯ is given the orientation
such that v¯ is its end point. If an edge has both of its vertices equal to v¯ then we have
two copies of e¯ with the opposite orientations. We divide the oriented edges of Θ with
a common vertex v¯ into two sets e¯i for i = 1, 2, . . . n and e¯
′
j for j = 1, 2, . . . , k such that
edges in the same set have equal unit tangent vectors at v¯. A switch relation at v¯ is
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given
n∑
i=1
µ(e¯i) =
k∑
j=1
µ(e¯′j)
and we have a switch relation at every vertex of Θ (see Bonahon [11]). A corresponding
switch relation holds true for the lift µ˜ to the universal covering X˜ of the measured
lamination µ. In fact, the values µ˜(e) are invariant under the action of pi1(X).
A function a : E(Θ)→ [0,∞) which satisfies the switch relation
n∑
i=1
a(e¯i) =
k∑
j=1
a(e¯′j)
at each switch of Θ is called an edge weight system. The set of all edge weight systems
is denoted by W(Θ, [0,∞)). Similarly each edge weight system on E(Θ) can be lifted
to an edge weight system on E(Θ˜).
Given a measured lamination µ that is weakly carried by Θ, we obtained an edge
weight system fµ : E(Θ)→ R given by fµ(e¯) := µ(e¯). We prove the converse.
Theorem 5.6. Let a : E(Θ) → R≥0 be an edge weight system. Then there exists a
unique measured lamination µ on X which realizes a.
Proof. Analogous to the closed case (see Bonahon [11, Section 3.3, page 56]). We choose
a regular neighborhood of Θ that has the same homotopy type and obtain a fattened
train track Ψ corresponding to Θ. The edges of Θ correspond to long rectangle in Ψ
and the vertices of Θ correspond to the union of several short sides of rectangles that
are connected (see Bonahon [11]). We foliate the long rectangles defining the edges of
Ψ by arcs connecting short sides and identify the rectangles with Euclidean rectangles
such that leaves of the foliations correspond to the horizontal lines in the Euclidean
rectangles and the widths of the Euclidean rectangles are given by the value of the edge
weight system a on these edges of Θ. Then each leaf of the obtained foliation of Ψ
naturally corresponds to a bi-infinite edge path in Θ which is naturally identified with
a simple geodesic of X by Proposition 4.11. In this way we obtain a geodesic lamination
λ of X corresponding to an edge weight system a and we push-forward the Euclidean
transverse measure of the foliation of Ψ to a measured lamination on X with support
λ. 
Remark 5.7. The measured laminations considered above are not necessarily bounded.
In general, they are only locally bounded–i.e., the measure of any compact subset of
G(X˜) is finite. We obtained a one to one correspondence between the space of measured
laminations ML(Θ, X) whose support geodesics are weakly carried by Θ and the edge
weight systems on E(Θ).
Remark 5.8. In Proposition 4.12 we obtained that every geodesic lamination (without
leaves spiraling to cuffs of the fixed pants decomposition) is weakly carried by some
pants train track Θ. However we do not claim that a neighborhood of a measured
lamination µ consists of all measured laminations that are weakly carried by a single
pants train track. This is true for closed surfaces (see Bonahon [11]) but it is not true for
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infinite surfaces. Indeed, if the support λ of a measured lamination µ consists of a single
closed geodesic then it can intersect at most finitely many cuffs of a locally finite pants
decomposition. Then any pants train track constructed from the pants decomposition
will have multiple choices of standard train tracks in the pants not intersecting the
support of λ. The neighborhood of µ consists of measured laminations whose support
geodesics induce different choices of standard train tracks in the pairs of pants not
intersecting the support λ. Thus no single train track weakly carries a neighborhood of
µ.
6. The edge weight systems and weak* topology on measured
laminations
The family of all edge weight systems is a subset of RE(Θ˜) which can be equipped
with the product topology. In this section we prove that the correspondence between
the edge weight systems and measured laminations weakly carried by the train track
is a homeomorphism, when the topology on the edge weight systems is given by the
restriction of the product topology and the topology on the measured laminations is
the weak* topology. This result holds for compact surfaces as well, however the proof
for infinite surfaces is more involved and it also leads to the extension of this result for
the uniform weak* topology in Section 9. The results in this section and in the next
three sections is the core of the paper.
We first state a classical fact about the weak* convergence of measures which will
help us to work more efficiently when proving various convergence statements.
Lemma 6.1. [13, chap. IV, 5, no 12] Let µ˜n be a sequence of geodesic currents on X˜
that converges to µ˜ in the weak* topology. Then for any measurable set B that satisfies
µ˜(δB) = 0, where δB is the topological boundary, we have
lim
n→∞
µ˜n(B) = µ˜(B).
Recall a standard fact that a sequence of measures on a compact set whose total
mass is bounded is weak* compact (see Bourbaki [13, chap. III, Section 1, no 9]). We
will often use an elementary consequence of that fact given by Lemma 6.2.
Lemma 6.2. Let µ˜n be a sequence of measured laminations on the universal covering
X˜ that are lifts of a sequence of measured laminations µn on X . If
sup
n
µ˜n(K) <∞
for each compact set K ⊂ G(X˜) then the sequence {µ˜n}n has a subsequence that con-
verges to a measured lamination µ˜ in the weak* topology which projects to a measured
lamination µ on X.
Proof. Let {Kj}j be a compact exhaustion of the space of geodesics G(X˜). By Bourbaki
[13, chap. III, Section 1, no 9] and the assumption of the lemma, the sequence {µ˜n}n
is weak* compact on each Kj. Using a Cantor diagonal process, we find a subsequence
{µ˜nk}k that is weak* convergent on each Kj. The limit µ˜ is a geodesic current on X˜.
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To see that µ˜ is a measured lamination, assume on the contrary that two geodesics
g1 and g2 of the support of µ˜ intersect in X˜. Then there exist two boxes of geodesics
I1×I2 and J1×J2 that contain g1 and g2 in their interiors and each geodesic of one box
intersect each geodesic of the other box. By the countable additivity of µ˜ we can also
arrange that µ˜(δ(I1×I2)) = µ˜(δ(J1×J2)) = 0. Since µ˜-measure of the boundary is zero,
the weak* convergence implies that µ˜n(I1×I2)→ µ˜(I1×I2) and µ˜n(J1×J2)→ µ˜(J1×J2)
as n → ∞ (see Lemma 6.1). Then µ˜n(I1 × I2) 6= 0 and µ˜n(J1 × J2) 6= 0 for n large
enough which contradicts the assumption that µ˜n is a measured lamination.
Thus the support of µ˜ is a geodesic lamination and µ˜ is a measured lamination on
X˜. Since µ˜n are invariant under the action of pi1(X) so is µ˜. Therefore µ˜ projects to a
measured lamination on X. 
Since the weak* topology and the product topology on RE(Θ˜) are metrizable to prove
the continuity it is enough to prove the sequential continuity. In order to do so, we will
need the following lemma that proves convergence of measured laminations on special
subsets of G(X˜) if their edge weight systems converge.
Lemma 6.3. Let µ˜n, µ˜ be measured laminations on X˜ weakly carried by the train track
Θ˜ such that fµ˜n(e)→ fµ˜(e) as n→∞ for each e ∈ E(Θ˜). If γ is a finite edge path in
Θ˜, then
µ˜n(G(γ))→ µ˜(G(γ))
as n→∞.
Proof. For a fixed γ, there is a unique piecewise linear function Lγ such that the quan-
tities µ˜n(G(γ)) and µ˜(G(γ)) are obtained by evaluating Lγ on the edge weight systems
fµ˜n and fµ˜ for the edges of Θ˜ that are in γ or that have a vertex in common with γ
(see Bonahon [11, Section 3.2, page 53, the second lemma]). Since fµ˜n(e) → fµ˜(e) for
all e ∈ E(Θ˜) as n→∞, the lemma follows. 
In the following lemma we show that each box of geodesics I×J can contain at most
finitely many lifts of cuffs.
Lemma 6.4. If Q = I × J is a box of geodesics in G(X˜) then the number of lifts of
cuffs in Q is finite.
Proof. Indeed, since the pants decomposition is locally finite and Q is a compact set in
G(X˜) there can be only finitely many lifts of cuffs in Q. 
The following lemma is the key ingredient for proving the weak* convergence from
the convergence of the edge weight systems.
Lemma 6.5. Let µ˜, µ˜n be measured laminations on X˜ weakly carried by Θ˜ that are lifts
of measured laminations µ, µn on X. Let Q = I × J , where I = [a, b] and J = [c, d],
be a box of geodesics such that a, b, c and d are endpoints of lifts of cuffs and no lift of
a cuff is on the topological boundary δQ of Q. If fµ˜n(e) → fµ˜(e) as n → ∞ for each
e ∈ E(Θ˜) then
µ˜n(Q)→ µ˜(Q)
as n→∞.
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Proof. Note that µ˜(δQ) = 0 and µ˜n(δQ) = 0 because a geodesic in ∂Q that is weakly
carried by Θ˜ has at least one endpoint in common with a lift of a cuff but it is not a
lift of a cuff. Therefore this geodesic projects to a geodesic on X that spirals around a
closed geodesic and it cannot be in the support of any measured lamination on X.
Assume on the contrary that there exists an infinite subsequence of µ˜n, which is for
the simplicity of the notation denoted by µ˜n, such that
(1) |µ˜n(Q)− µ˜(Q)| ≥ c > 0.
Let Q1 = [a1, b1] × [c1, d1] be an arbitrary box of geodesics in G(X˜). We first prove
that Q1∩G(Θ˜) can be covered by finitely many sets G(e) for e ∈ E(Θ˜). Since pi1(X) is
of the first kind it follows that there exist two lifts of cuffs: α˜1, whose ideal boundary
points are in (b1, c1), and α˜2, whose ideal endpoints are in (d1, a1). If a bi-infinite
edge path in Θ˜ intersects either α˜1 or α˜2 then its endpoints cannot be in Q1 by the
no backtracking property of edge paths in Θ˜ (see Lemma 4.3). Thus any geodesic in
Q1 ∩ G(Θ˜) is represented by a bi-infinite geodesic path that separates α˜1 and α˜2. Let
ω be a compact geodesic arc that connects α˜1 and α˜2. Since α˜1 ∪ ω ∪ α˜2 separates I1
and J1, it follows that any bi-infinite edge path representing a geodesic of Q1 ∩ G(Θ˜)
intersects ω. Given that the pants decomposition is locally finite and that ω is compact,
it follows that ω intersects only finitely many edges of Θ˜. Thus Q1 ∩ G(Θ˜) is covered
by finitely many G(e), where e is an edge intersecting ω.
Since fµ˜n(e)→ fµ˜(e) we have that the sequence µ˜n has uniformly bounded mass on
Q1, where the bound depends only on Q1. By Lemma 6.2, a subsequence µ˜nk converges
to a measured lamination ν˜ on G(X˜) and the measured lamination ν˜ is the lift of a
measured lamination ν on X.
Let Q = I × J be a box of geodesics from (1). Denote by {α˜′i}i the maximal (an at
most countable) family of lifts of cuffs with both endpoints in I such that each α˜′i is
not separated from J by another lift of a cuff that also has both endpoints in I. We
denote by {α˜′′j}j the corresponding family of lifts of cuffs for J .
Consider all pairs (α˜′i, α˜
′′
j ) formed from the above two families such that there is a
finite edge path γi,j of Θ˜ that connects them. By Proposition 5.4, there exists a box of
geodesics Qi,j such that G(γi,j) = G(Θ˜) ∩Qi,j and G(Θ˜) ∩ δQi,j = ∅.
By Lemma 6.4 there is at most finitely many lifts of cuffs {α˜Qr }r that are contained in
Q. For a fixed α˜Qr , let P
1
r and P
2
r be two components of lifts of pairs of pants that share
a common boundary geodesic α˜Qr . From the set of all lifts of cuffs with both endpoints
in I on the boundary of P 1r that are connected to α˜
Q
r by finite edge paths, choose α˜
′
1
whose endpoints are the farthest from the endpoint of α˜Qr in I. Similarly, let α˜
′′
1 be the
lift of a cuff on the boundary of P 1r with both endpoints in J and connected by a finite
edge path to α˜Qr that is the farthest from the endpoint of α˜
Q
r . The choices of α˜
′
1 and α˜
′′
1
imply that they belongs to the families {α˜′} and {α˜′′}, respectively. In an analogous
manner we choose a lift of cuff α˜′2 with endpoints in I and on the boundary of P
2
r , and
a lift of cuff α˜′′2 with endpoints in J and on the boundary of P
2
r . We also have that
α˜′2 ∈ {α˜′i} and α˜′′2 ∈ {α˜′′j}. Out of the set of four possible pairs {(α˜′t, α˜′′s)}4t,s=1 there is a
unique pair (α˜′ir , α˜
′′
jr) that is connected by a finite edge path γr of Θ˜.
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There are two possibilities: either γr has a subpath γ
Q
r of cuff edges on α˜ or it crosses
α˜ at a vertex v without having an edge on α˜.
If γr has no edges on α˜ then we modify the construction of γ
Q
r as follows. Take γ
Q
r
to consists of a single cuff edge er on α˜ with one vertex v and the other vertex v1 such
that the lift of a cuff on P irr that is connected to α˜ through the vertex v1 (and farthest
from the endpoint of α˜ in I) is closer to the endpoint of α˜ in I than the endpoints of
α˜′ir .
We have that G(γQr ) ⊂ Q. By Proposition 5.5 there is a box of geodesics Qr such that
G(γQr ) = G(Θ˜) ∩Qr, α˜Qr ∈ Qr and G(Θ˜) ∩ δQr = ∅. The box of geodesics Qr = Ir ∪ Jr
is chosen such that each α˜′i and each α˜
′′
j is completely contained in Ir or in Jr or it
is disjoint from both Ir and Jr. Therefore if G(γi,j) (corresponding to a pair (α˜
′
i, α˜
′′
j ))
intersects Qr then it is contained in Qr and we erase it from the family of pairs (α˜
′
i, α˜
′′).
Therefore the family of all geodesics in Q = I × J weakly carried by Θ˜ is the union
of all G(γi,j) and G(γ
Q
r ). Moreover, by construction G(γi,j) ∩ G(γi1,j1) = ∅ for (i, j) 6=
(i1, j1) and G(γi,j)∩G(γQr ) = ∅ for all (i, j) and r. Thus, the set of geodesics of Q that
are weakly carried by Θ˜ is partitioned into at most countable disjoint union of the sets
G(γi,j) and G(γ
Q
r ).
By Lemma 6.3 we have
(2) lim
k→∞
µ˜nk(G(γ˜i,j)) = µ˜(G(γ˜i,j)).
and
(3) lim
k→∞
µ˜nk(G(γ
Q
r )) = µ˜(G(γ
Q
r )).
The weak* convergence implies that µ˜nk(Qr) → ν˜(Qr) and µ˜nk(Qi,j) → ν˜(Qi,j) as
k →∞. Since G(γQr ) = G(Θ˜)∩Qr and G(γi,j) = G(Θ˜)∩Qi,j we have ν˜(Qr) = ν˜(G(γQr ))
and ν˜(Qi,j) = ν˜(G(γi,j)). Then (2) and (3) gives
(4) µ˜(G(γQr )) = ν˜(G(γ
Q
r ))
and
(5) µ˜(G(γQi,j)) = ν˜(G(γ
Q
i,j)).
Since G(Θ˜)∩Q is a disjoint countable union of sets G(γ˜i,j) and G(γQr ) then (4) and (5)
imply µ˜(Q) = ν˜(Q). This is in a contradiction with (1) and the lemma is proved. 
Let ML(Θ, X) be the space of all measured laminations on X that are weakly carried
by Θ. We prove the main theorem of this section.
Theorem 6.6. The bijective correspondence between the space ML(Θ, X) of measured
laminations weakly carried by Θ and the space W(Θ, [0,∞)) of edge weight systems is
a homeomorphism for the weak* topology on ML(Θ, X) and the topology of pointwise
convergence on W(Θ, [0,∞)).
Proof. Let ξ : G(X˜)→ R be a continuous function with compact support. Let µ˜n and
µ˜ be lifts to X˜ of measured laminations on X such that fµ˜n(e)→ fµ˜(e) as n→∞ for
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each e ∈ E(Θ˜). We need to prove that
(6)
∫
G(X˜)
ξd[µ˜− µ˜n]→ 0
as n → ∞. By using a partition of unity, we can assume that the support of ξ is
contained in a box of geodesics.
Since the lifts of cuffs are coming from a geodesic pants decomposition of X it follows
that the endpoints of the lifts of cuffs are dense in ∂∞X˜. By slightly increasing the
size of the support box of ξ we can assume that the four vertices of the box are the
endpoints of the lifts of cuffs and that the boundary of the box does not contain lifts
of cuffs. By the density of the endpoints of the lifts of cuffs in ∂∞X˜, the support box
is divided into small boxes whose vertices are also of the above type. We approximate
the function ξ with a step function whose steps are the boxes of the partition. Lemma
6.5 implies (6). We obtained that µ˜n → µ˜ in the weak* topology as n→∞.
We assume now that µ˜n → µ˜ in the weak* topology as n→∞. Let e ∈ Θ˜. If e is a
cuff edge then Proposition 5.5 gives a box of geodesics Qe such that G(e) = Qe ∩G(Θ˜)
and δQe ∩ G(Θ˜) = ∅. Then µ˜n(G(e)) = µ˜n(Qe) → µ˜(Qe) = µ˜(G(e)) by the weak*
convergence and Lemma 6.1. Thus fµ˜n(e)→ fµ˜(e) when e is a cuff edge.
If e is a connector edge of Θ˜ then there exists finitely many finite edge paths
{γ1, . . . , γj} consisting of only connector edges and containing e such that they con-
nect two lifts of cuffs on the lift of a pair of pants containing e. Proposition 5.4 implies
that µ˜n(G(γi)) → µ˜(G(γi)) for all i as n → ∞. Since G(γi) ∩ G(γi1) = ∅ for all
i 6= i1 and G(e) = ∪ji=1G(γi), we have that µ˜n(G(e)) → µ˜(G(e)) which is the same as
fµ˜n(e)→ fµ˜(e) as n→∞. 
7. Hyperbolic surfaces with bounded pants decomposition
Throughout this section X is an infinite hyperbolic surface equipped with a fixed
locally finite geodesic pants decomposition {Pn} such that the lengths of cuffs are
bounded between 1/M and M for some M ≥ 1. In addition we assume that X has no
cusp–i.e., each Pn has three cuffs. The case when X has cusps is considered in Section
8. We consider a fixed pants train track Θ on X.
In each pair of pants Pn, the train track Θ has exactly three edge paths that connects
pairs of cuffs. We choose three geodesic arcs oni , i ∈ {1, 2, 3}, with both endpoints
orthogonal to the cuffs of Pn that connect the three pairs of cuffs that are also connected
by Θ. Then oni divide Pn into two right angled hexagons. Let Θ0 be the union of cuffs
and orthogonal geodesic arcs oni over all Pn in X. The lift Θ˜0 of Θ0 to the universal
covering X˜ is the union of the boundaries of right-angled hexagons and the hexagons
tile X˜.
If the added geodesic arcs oni orthogonal to cuffs of Pn are not pants seams then
the two hexagons share the three arcs and consequently they are isometric because by
the hexagon formula all sides have equal lengths(see Beardon [8, page 161, Theorem
7.19.2]). The lengths of the hexagon sides that lie on the cuffs of Pn are equal to half the
cuffs lengths and thus are pinched between between 1/(2M) and M/2. By the hexagon
formula we get that the other three side lengths of the hexagons are pinched between
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1/M1 and M1 for some M1 = M1(M) > 1. Let m = max{2M,M1}. Then the lengths
of sides of such hexagons are pinched between 1/m and m.
We also estimate the size of hexagons obtained from the pairs of pants when pants
seams are used. The following lemma controls the geometry of the complementary
hexagons of Θ˜0 when one of the added orthogonal arcs in Pn is a pants seam.
Lemma 7.1. Fix M > 1. Let P be a geodesic pair of pants with the cuffs α1, α2, α3
such that
1
M
≤ l(αi) ≤M
for i = 1, 2, 3 where l(αi) is the hyperbolic length of αi. Let l1 be the length of the
shortest geodesic arc connecting α1 to itself and separating α2 and α3. Let l2, l3 be the
lengths of the shortest geodesic arcs connecting α1 to α2, α3 respectively.
Then the arcs l1, l2, l3 divide P into two right angled hexagons whose side lengths are
between 1/M1 and M1 for some M1 > 1 which depends only on M .
Proof. Denote by l′1 the shortest geodesic arc in Pn that connects α2 and α3. Then
l′1 ∪ l2 ∪ l3 divides Pn into two isometric right angled hexagons as above. There is a
reflection of Pn in l
′
1 ∪ l2 ∪ l3 that isometrically sends one hexagon onto the other. The
arc l1 is orthogonal at both of its endpoints to α1 and the reflection of Pn sends l1 onto
itself (by the uniqueness of the shortest arc l1 in its homotopy class). It follows that
the angle between l′1 and l1 is pi/2 and that l
′
1 bisects l1 (see Figure 8).
α′1 α
′′
1
α′′′1α
′′′′
1
l2
α2
x
l1
l′1
α3
l3
Figure 7. Bounded geometry hexagons from pants seams. l′1 is the
dotted arc.
The endpoints of the arcs l1, l2, l3 divide the cuff α1 into four arcs α
′
1, α
′′
1, α
′′′
1 and
α′′′′1 . The arc l
′
1 divides the two symmetric hexagons into four right angled pentagons
(see Figure 8). Consider the pentagon with sides α′1, l2,
1
2
l(α2), x and
1
2
l1, where x is
a part of l′1 from α2 to the point l
′
1 ∩ l1. The pentagon formula (see Beardon [8, page
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159, Theorem 7.18.1]) gives
tanh l2 cosh
1
2
l(α2) tanhx = 1
and since l2 and
1
2
l(α2) are pinched between two positive constants, it follows that x is
also pinched between two positive constants. The pentagon formula also gives
tanh l(α′1) cosh l2 tanh
1
2
l(α2) = 1
which implies that l(α′1) is pinched between two positive constants.
All other sides of the pentagons are similarly pinched between two positive constants.
Therefore Pn is divided into two right angled hexagons whose side lengths are pinched
between two positive constants and the lemma is proved. 
For the definiteness let M1 > 1 be such that the lengths of the sides of the two
hexagons that Pn is divided into are between 1/M1 and M1 for all choices of the dividing
arcs in Pn.
Lemma 7.2. The lift Θ˜0 of Θ0 with the induced path metric coming from the hyperbolic
metric on X˜ is quasi-isometric to X˜ under the inclusion map.
Proof. Since X˜ is tiled by the hexagons whose boundary sides have lengths pinched
between two positive constants (by Lemma 7.1 and the remark above it) it follows that
every point of X˜ is on a bounded distance from Θ˜0.
Let ρ(x, y) be the hyperbolic distance between x, y ∈ X˜. Given x, y ∈ Θ˜0, let p(x, y)
be the hyperbolic length of the shortest path on Θ˜0 connecting x and y. We need
to prove that 1
A
ρ(x, y) − B ≤ p(x, y) ≤ Aρ(x, y) + B for some constants A > 0 and
B ≥ 0. It is immediate that ρ(x, y) ≤ p(x, y) and it remains to prove the right hand
side inequality.
Let l be the hyperbolic geodesic arc in X˜ with endpoints x and y. Let li, i = 1, 2, . . . , n
be the subarcs of l that are obtained by intersecting l with the hexagon tiling of X˜.
Then ρ(x, y) =
∑n
i=1 ρ(li) where ρ(li) is the hyperbolic length of li. Denote by Σi the
hyperbolic hexagon that contains li and let s, s
′ be the boundary sides that li connects.
If s and s′ are adjacent then there are arcs a ⊂ s and b ⊂ s′ such that a, b, li form
a geodesic right angled triangle with li opposite the right angle which is at a vertex of
Σi. Since cosh ρ(li) = cosh ρ(a) cosh ρ(b) (see Beardon [8, page 146, Theorem 7.11.1]) it
follows that ρ(li) > ρ(a) and ρ(li) > ρ(b) which implies ρ(li) >
1
2
(ρ(a)+ρ(b)). Therefore
we can replace li with the path a ∪ b on Θ˜0 that has the same endpoints and whose
length is less than twice the length of li.
Assume that s and s′ are not adjacent boundary sides of Σi. Since li is at least as
long as a side, then ρ(li) ≥ 1M1 and since a follows at most five sides, then ρ(li) ≤ 5M1.
Thus ρ(a) ≤ 5M1 = 5M
2
1
M1
≤ 5M21ρ(li) and the arc li can be replaced by an arc a on Θ˜0
whose length is less than 5M21 of the length of li.
By concatenating the above paths, we obtain a path on Θ˜0 which connects x and y
and whose length is at most max{2, 5M21} times the length of l. Thus the inclusion of
Θ˜0 is a quasi-isometry. 
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We use Θ0 in order to define a pants train track Θ
′ such that edge paths of its lift Θ˜′
are on a bounded distance from paths in Θ˜0.
Lemma 7.3. Given Θ as above, there is a choice of a homeomorphic pants train track
Θ′ and a constant d > 0 such that each edge path of the lifted train track Θ˜′ is on a
distance at most d from a path in Θ˜0.
Proof. The geodesic pairs of pants of X have cuffs with lengths between 1/M and M
for some M ≥ 1. We fix a “model” geodesic pair of pants P whose all cuffs have length
1 and on each cuff αj we fix a base point aj. Then we realize all standard train tracks
{si}i0i=1 on P such that their edges are smooth rectifiable arcs and the vertices on the
cuffs are at the base points {aj}3j=1. By Bishop [9], there exists a biLipschitz map fn
from P to any pairs of pants Pn of X which is affine on cuffs and maps orthogonals
between pairs of different cuffs in P to orthogonals between pairs of different cuffs in Pn.
Inside each Pn we have a standard train track induced from Θ which is homotopic to
fn(si(n)) for a standard train track si(n) in the model P . The orthogonal arcs o
n
i between
cuffs of Pn from the definition of Θ0 are chosen such that they are homotopic to the
finite edge paths of the standard train tracks si(n) of Θ in Pn. Since the biLipschitz
constants of fn : P → Pn are bounded above, it follows that the finite edge paths in
fn(si(n)) are on a bounded distance from the corresponding o
n
i with the bound uniform
in n.
Let Pn and Pn1 be two pairs of pants (possibly equal) that are glued along a cuff αk
in X. Then fn(aj) and fn1(aj1) on αj might be different. We choose a small one-sided
collar neighborhood of αj in Pn and perform a smooth twist setwise fixing the cuff αk
that moves fn(aj) to fn1(aj1) by a uniformly bounded map. We modify all standard
train tracks fn(si(n)) in this fashion so that the basepoints coming from the two sides
of each αk agree. With this process we obtain a new pants train track Θ
′ in X which
is homotopic to the original pants train track Θ. The finite edge paths in the new
standard train tracks in each Pn are on a bounded distance from the corresponding
orthogonals oni by the construction. Thus any infinite edge path in Θ
′ is on a bounded
distance from a path in Θ0. 
Using the above lemma we obtain
Theorem 7.4. Let X be an infinite Riemann surface without cusps equipped with a
geodesic pants decomposition {Pn}n whose cuff lengths are pinched between two positive
constants and let Θ be a corresponding pants train track. Then a measured lamination
weakly carried by the train track Θ is bounded if and only if the corresponding edge
weight system has a finite supremum norm.
Proof. Lemma 7.3 implies that an edge path in Θ˜ is on a bounded distance from a simple
path in Θ˜0. A simple path in Θ˜0 is a quasigeodesic in X˜ by Lemma 7.2. Therefore
there exists d > 0 such that each bi-infinite edge path in Θ˜ is at distance at most d
from the corresponding geodesic of X˜.
Recall that a measured lamination µ˜ is bounded if for every continuous ξ : G(X˜)→ R
with a compact support we have that ‖µ˜‖ξ <∞. For a closed hyperbolic ball D in X˜
denote by G(D) the set of geodesics of X˜ that intersect D. The support of ξ is covered
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by finitely many G(Dk) for k = 1, . . . , n, where Dk is a closed ball of radius one. Since
‖ξ‖∞ < ∞ we easily conclude that a measured lamination µ˜ is bounded if and only if
‖µ˜‖Th := supD µ˜(G(D)) < ∞ where the supremum is over all closed hyperbolic balls
D ⊂ X˜ of radius 1 (see [21], [33] and [12]).
Let µ˜ be a bounded measured lamination and denote by fµ˜ : E(Θ˜) → R the corre-
sponding edge weight system. If e ∈ E(Θ˜) then a hyperbolic ball D1 of radius d with the
center on e intersects all geodesics in G(e) by the above. Therefore fµ˜(e) ≤ C(d)‖µ˜‖Th
where C(d) is the smallest number of closed hyperbolic balls of radius 1 that is needed
to cover a hyperbolic ball of radius d. This bound is uniform in all e ∈ E(Θ˜) and we
obtain ‖fµ˜‖∞ ≤ C(d)‖µ˜‖Th.
Assume now that ‖fµ˜‖∞ <∞. If D is a closed hyperbolic ball of radius 1 denote by
G(µ˜, D) the set of geodesics of the support of µ˜ that intersect D. Since each geodesic
of G(µ˜, D) is on a distance at most d from the corresponding bi-infinite edge path in
Θ˜, it follows that a ball D1 of radius d + 1 concentric to D intersects Θ˜ in a finite
set of edges {e1, e2, . . . , ek} such that G(µ˜, D) ⊂ ∪ki=1G(ei). Then µ˜(D) ≤
∑k
i=1 fµ˜(ei).
The number of edges k is uniformly bounded by some constant k′ independently of
the choice of D by Lemma 7.3. Thus we obtain µ˜(D) ≤ k′‖f˜µ˜‖∞ for all D and thus
‖µ˜‖Th ≤ k′‖fµ˜‖∞. 
8. The hyperbolic surfaces with cusps and bounded pants
decompositions
We assume that a Riemann surface X has a bounded geodesic pants decomposition
{Pn} and possibly infinitely many cusps. We define a train track Θ on X starting from
the bounded pants decomposition {Pn}. In each pair of pants we introduce geodesic
arcs orthogonal to its cuffs. In the case when a pair of pants has three cuffs we divide it
into two right angled hexagons that have sides pinched between two positive constants
as in the previous section. When a pair of pants has two cuffs and a cusp, then we draw
two geodesic arcs that divide it into a right angled hexagon and a right angled bigon
with a cusp (see Figure 9). We need the following lemma
Lemma 8.1. Consider a pair of pants with two cuffs α1, α2 and one cusp such that
1/M ≤ l(αi) ≤ M for i = 1, 2. Let l2 be the length of the shortest geodesic arc
connecting α1 and α2, and let l1 be the length of the shortest geodesic arc connecting α1
to itself. The cuff α1 is divided by the endpoints of l1 and l2 into arcs α
′
1, α
′′
1 and α
′′
1 as
in Figure 9. Then there exists M1 > 1 which depends only on M such that
1/M1 ≤ l(α′1), l(α′′1), l(α′′′1 ) ≤M1.
Proof. The proof is a standard application of hyperbolic geometry similar to the proof
of Lemma 7.1 (see Figure 8). 
The last case is when a geodesic pair of pants has one cuff and two cusps. Then there
is a single geodesic arc which connects the cuff to itself that is orthogonal to the cuff
at both of its endpoints and that divides the pair of pants into two right angled bigons
with cusps.
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α′1 α
′′
1
α′′′1
l2
α2
x
l1
Figure 8. The pair of pants with one cusp. The reflection in the dotted
geodesics and l2 is a symmetry of P . The dotted ellipse represents a
horocycle of length 1 around the puncture.
α′1 α
′′
1
l1
Figure 9. The pair of pants with two cusps. The reflection in l1 is a
symmetry as well as the reflection in the dotted geodesics. The dotted
ellipses represent horocycles around the two cusps.
Lemma 8.2. Consider a geodesic pair of pants with one cuff α1 and two cusps such
that
1/M ≤ l(α1) ≤M
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for some M > 1. Let l1 be the length of the shortest geodesic arc connecting α1 to itself
and separating the two cusps (see Figure 10). The arc l1 divides α1 into two subarcs α
′
1
and α′′1. Then
l(α′1) = l(α
′′
1) =
1
2
l(α1)
and there exists M1 > 1 depending only on M such that
1/M1 ≤ l1 ≤M1.
Proof. The proof is a standard application of hyperbolic geometry similar to the proof
of Lemma 7.1 (see Figure 9). 
We are grateful to an anonymous referee for providing us with a concise proof of the
following lemma.
Lemma 8.3. Let Q be a Lambert quadrilateral with a zero angle and two finite sides
a and b whose lengths are between 1/M and M , for M > 1. Let Q′ be the subset of
Q obtained by removing a neighborhood of the vertex at infinity that has a horocyclic
boundary of length 1/2. Then the distance between any point of Q′ from a∪ b is at most
M3(M) > 0.
Proof. We place Q in the upper half-plane H such that the vertex of Q with the zero
angle is ∞ ∈ Rˆ = ∂∞H. The two finite sides a and b are arcs on the circles |z| = r1
and |z − 1| = r2, and the infinite sides are on the vertical lines with real parts 0 and 1.
In order to have a right angle at the vertex z0 = x0 + iy0 of Q that is the intersection
of |z| = r1 and |z − 1| = r2 it is necessary that r21 + r22 = 1, where 0 < r1 < 1 and
0 < r2 < 1. An elementary computation gives x0 = r
2
1 and y0 =
√
r21 − r41. Since
the horocycle has length 1/2, it is given by a horizontal Euclidean arc at the height 2
connecting the two infinite sides.
Note that the vertex z0 is the point in Q with the smallest height. Therefore the
maximal distance of a point in Q to the union of finite sides is given by the distance
between the vertex z0 and the horocyclic side of Q. In other words, the maximal
distance is log 2
y0
. Therefore we need to estimate y0 from the below.
Consider the Euclidean ray r ⊂ H from the origin through the vertex z0. The set of
points on r are equidistant from the positive y-axis (see Beardon [8, Section 7.20]). Let
ϕ be the angle that r subtends with the positive y-axis. If ρ(a) is the length of the a
side, then (see [8, Section 7.20])
sinϕ = tanh ρ(a).
On the other hand, a right-angled triangle with vertices 0, z0 and x0 gives sinϕ =
cos(pi
2
− ϕ) = r1 which implies
r1 = tanh ρ(a).
Since 1
M
≤ ρ(a) ≤M it follows that tanh 1
M
≤ r1 ≤ tanhM . We obtain
log
2
y0
= log 2−log r1−1
2
log(1−r21) ≤ log 2−log tanh
1
M
−1
2
log(1−tanh2M) = M3(M).

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Lemma 8.4. Let C be a horocycle of length 1 on a Riemann surface X. Then the
hyperbolic and the horocyclic distances on C are bi-Lipschitz functions of each other.
Proof. We identify X˜ with the upper half-plane H such that the cyclic subgroup of
pi1(X) fixing the cusp corresponding to C is generated by z 7→ z + 1. The lift of C is
the Euclidean horizontal line h through i ∈ H. The semiopen Euclidean horizontal arc
on h with endpoints i and 1 + i injectively covers C.
To prove the lemma, we need to compare the distances between i and i + s for
0 < s ≤ 1. The horocyclic distance is s. The hyperbolic distance is
ρ(i, i+ s) = log
√
4 + s2 + s√
4 + s2 − s
which gives
ρ(i, i+ s) = log(1 +
2s√
4 + s2 − s)
which is a bi-Lipschitz function of s for s ∈ (0, 1]. 
The train track Θ is defined using the standard train tracks in the fixed pants de-
composition. The set Θ0 consists of all the cuffs and a maximal choice of shortest
orthogonal arcs connecting cuffs in each pair of pants, where two cuffs in a pair of pants
are connected by orthogonal arcs of Θ0 if there is an edge path of Θ connecting the
cuffs. We note that the cuffs and the orthogonal arcs to the cuffs do not meet horocyclic
neighborhoods of cusps whose boundary has length 1. Indeed, it is well known that any
geodesic on a hyperbolic surface that enters the horoball neighborhood of a cusp with
boundary length 1 is not simple. Therefore the cuffs do not enter this neighborhood. To
see that orthogonal arcs do not enter this neighborhood, it is enough to form a double
of a single pair of pants and note that the orthogonal arcs together with their doubles
form simple closed geodesics. Thus they do not enter the horocyclic neighborhoods
with boundaries of length 1 of the cusps.
LetX ′ denoteX minus open horocyclic neighborhood around each cusp whose bound-
ary has length 1. We note that horocyclic neighborhoods are pairwise disjoint and their
boundaries are closed horocyclic curves. Our goal is to prove that Θ as a subset of
X ′ has properties that are analogous to the properties of the train tracks in surfaces
without cusps (see Section 7).
Let X˜ ′ be the lift of X ′ to the universal covering X˜ of X. Equivalently X˜ ′ is obtained
from X˜ by removing open horoballs at the lift of each cusp on ∂∞X˜. Let Θ˜ and Θ˜0 be
lifts of Θ and Θ0 in X˜
′.
We first prove that Θ˜0 is quasi-isometric to X˜
′ for the restriction of the hyperbolic
metric.
Lemma 8.5. Given a hyperbolic surface X with cusps, let X ′ be obtained from X by
removing a horocyclic neighborhood with boundary length 1 of each cusp. Let X˜ ′ be
the lift of X ′ to X˜ and Θ˜0 be the lift of Θ0 equipped with path metric. Then Θ˜0 is
quasi-isometric to X˜ ′.
Proof. The set of boundary points of X˜ ′ that are on a finite distance from any interior
point consists of horocycles that are based at the lifts of the punctures of X. By
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the above construction, the complementary regions of Θ0 in X
′ are either right-angled
hexagons or right-angled bigons minus a horocyclic neighborhood of a cusp with length
1 boundary horocycle. Therefore the complementary regions to the lift Θ˜0 of Θ0 in
X˜ ′ consists of right angled hexagons and simply connected regions in X˜ ′ whose one
boundary is a horocycle and the other boundary is a union of infinitely many geodesic
arcs orthogonal to each other at their endpoints. The second complementary region has
one ideal endpoint on ∂∞X˜ which is the point at which the horocycle is based, i.e.-the
two boundary sides are asymptotic to a single point at infinity in both directions (see
Figure 10).
By Lemmas 8.1 and 8.2 every edge of Θ0 has length between two positive constants
which implies that every point of X ′ is a bounded distance away from a point on Θ0 by
Lemma 8.3. It follows that every point of X˜ ′ is on a bounded distance from Θ˜0. This
distance is realized by a geodesic arc.
Let p(x, y) be the path distance along Θ˜0 between two points x, y ∈ Θ˜0 and let
ρ(x, y) be the path distance between x, y ∈ X˜ ′. It remains to prove that 1
A
ρ(x, y) −
B ≤ p(x, y) ≤ Aρ(x, y) + B for fixed A,B > 0 and all x, y ∈ Θ˜0. It is clear that
ρ(x, y) ≤ p(x, y) and we need to prove the opposite inequality.
Let l be the shortest path in X˜ ′ between x, y ∈ Θ˜0. Then l is a finite union of geodesic
arcs and pieces of the horocycles that are on the boundary of X˜ ′. We partition l into
union ∪pi=1li of subpaths such that li ∩ li+1 is a common endpoint and each li is the
intersection of l with the closure of a single component of X˜ ′ − Θ˜0. Let xi, xi+1 ∈ Θ˜0
be the endpoints of li, in particular x1 = x and xp+1 = y. If li is inside a right-angled
complementary hexagon then, as in the proof of Lemma 7.2, li can be replaced by a
biLipschitz path on Θ˜0 with the same endpoints.
Assume that li is in the complementary region of X˜
′− Θ˜0 that is a single component
of the lift of the punctured bigon minus a horocyclic neighborhood of the cusp. The
component is divided into pentagons with four geodesic sides and one horocyclic side
by the lifts of the pentagons from either Figure 8 or 9.
We assume that li intersects n ≥ 3 such pentagons, denoted by P1, P2, . . . , Pn in that
order. With the possible exception of P1 and Pn, the path li connects the two geodesic
sides (dotted lines in Figure 10) that are orthogonal to the horocycle (dotted circle
tangent to the boundary in Figure10). The part of li that connects these two geodesic
boundary sides is either a geodesic arc or a part of the horocycle or a combination
of both. However, there is a lower bound c0 on the length of each such part of li by
Lemmas 8.1, 8.2 and 8.4. Thus the length of li is at least c0(n− 2). On the other hand,
the points xi and xi+1 are connected by at most 2n sides of the pentagons that are in
Θ˜0 (solid sides in Figure 10). By Lemmas 8.1 and 8.2, there is c > 0 an upper bound
on the lengths of these sides and we have 2cn ≥ p(xi, xi+1). Therefore
|li| ≥ c0(n− 2) = c0(n− 2)
2cn
2cn ≥ c1p(xi, xi+1)
where |li| is the length of li and c1 = c06c .
Next we assume that li intersects n ≤ 2 pentagons. Then either xi and xi+1 belong
to adjacent geodesic segments in Θ˜0 which are orthogonal to each other (solid geodesic
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xi
xi+1
li
Figure 10. The lift of a punctured bigon minus a horocyclic neighbor-
hood of the cusp. The pentagon decomposition is given. The solid sides
belong to Θ˜0. The arc li is composed of geodesic arcs and a horocyclic
arc.
segments in Figure 10) or li joins two geodesic segments of Θ˜0 that are separated by
another geodesic segment of Θ˜0. In the former case, the length of li is at least the
length of the geodesic segment connecting xi to xi+1, which is the hypothenuse of the
right angled hyperbolic triangle with two other sides on Θ˜0. As in the proof of Lemma
7.2, we have |li| ≥ 12p(xi, xi+1). In the later case, the length of li is at least the length
of the geodesic segment of Θ˜0 separating the two other geodesic segments that contain
its endpoints xi and xi+1. Then |li| ≥ c0 = c03c3c ≥ c2p(xi, xi+1) where c2 = c03c .
Thus we can replace each li by a path on Θ˜0 connecting endpoints of li such that the
length of li is greater than a constant times the length of the path. The constant only
depends on the bound M for the pants decompostion. Thus Θ˜0 is quasi-isometric to
X˜ ′. 
The proof of the following lemma is analogous to Lemma 7.3.
Lemma 8.6. Given Θ as above, there is a choice of a homeomorphic pants train track
Θ′ and a constant d > 0 such that each edge path of the lifted train track Θ˜′ is on a
distance at most d from a path in Θ˜0.
Our main result in this section is
Theorem 8.7. Let X be a conformally hyperbolic Riemann surface with a bounded
geodesic pants decomposition {Pn} and possibly infinitely many cusps. Then the lift µ˜
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to X˜ of a measured lamination µ on X that is weakly carried by Θ˜ is bounded if and
only if its edge-weight system fµ˜ : E(Θ˜)→ R has a finite supremum norm.
Proof. Assume that ‖fµ˜‖∞ <∞. Every geodesic of the support of µ˜ is inside of X˜ ′ by
the choice of the horocyclic neighborhoods of the cusps of X. Then Lemmas 8.5 and
8.6 implies that each geodesic of the support of µ˜ is on a distance at most d > 0 from
the corresponding bi-infinite edge path in Θ˜. Then the proof is finished as in Theorem
7.4.
The other direction is identical to the proof of Theorem 7.4. 
9. The uniform weak* topology and edge-weight systems
We keep the assumption that X is an infinite hyperbolic surfaces with bounded pants
decomposition {Pn} and at most countably many cusps. In the previous two sections we
characterized bounded measured laminations on X in terms of the edge weight systems
on Θ. In this section we describe the convergence in the uniform weak* topology on
the measured laminations carried by Θ in terms of their corresponding edge weight
systems. The proofs are based on the extensions of the ideas in the proofs of the weak*
convergence. However the uniform weak* convergence imposes additional difficulties.
We first prove the convergence of the edge weight systems in the supremum norm.
Proposition 9.1. Let µ˜n, µ˜ be lifts to X˜ of measured laminations of X that are weakly
carried by Θ. If
µ˜n → µ˜
in the uniform weak* topology then
‖fµ˜n − fµ˜‖∞ → 0
as n→∞.
Proof. Assume on the contrary that ‖fµ˜n − fµ˜‖∞ 9 0. Then there exists a subsequence
µ˜nk of µ˜n and a sequence of edges enk ∈ E(Θ˜) such that |fµ˜nk (enk) − fµ˜(enk)| ≥ c > 0
for some fixed c > 0 and all k ≥ 1. By taking a subsequence of enk , if necessary, we can
assume that all enk are either connector edges or cuff edges.
Let ξ : G(X˜)→ R be a continuous function with a compact support and ϕnk ∈ H(X˜).
By the uniform weak* convergence of µ˜nk to µ˜ we have that
lim
k→∞
|
∫
G(X˜)
ξ ◦ ϕnkd[µ˜nk − µ˜]| = 0.
The uniform weak* convergence implies that the measured laminations µ˜nk are uni-
formly bounded on compact subsets of G(X˜). Lemma 6.2 implies that the push forward
measures ν˜nk = (ϕnk)∗µ˜nk and ν˜
′
nk
= (ϕnk)∗µ˜ have subsequences that converge in the
weak* topology to measured laminations ν˜ and ν˜ ′ weakly carried by Θ˜ which are lifts
of measured laminations on X. The above limit implies
lim
k→∞
|
∫
G(X˜)
ξd[ν˜nk − ν˜ ′nk ]| = 0.
and thus ν˜ = ν˜ ′.
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We separate the rest of the proof into two cases based on the type of the edges enk .
Case 1. Assume first that all enk are connector edges. Since there is only finitely many
types of standard train tracks in a pair of pants (see Figures 2 and 3), there is only
finitely many possible relative positions of enk with respect to the other connector edges
and lifts of cuffs in a component Pnk of the lift of a pair of pants that contains enk .
After taking a subsequence, we can assume that all enk are lifts of the connector edges
in the pairs of pants with the same standard train track, in the same relative position
in the fixed standard train track and with the same smoothing at the vertices on the
cuffs of the pairs of pants. The connector edge enk is contained in an at most four finite
connector edge path {γk1 , . . . , γkj } that connect two lifts of cuffs on the boundary of Pnk
by considering lifts of the standard train tracks in Figures 2, 3 and 4. It follows that
G(enk) = ∪ji=1G(γki )
and G(γki ) ∩G(γki′) = ∅ for i 6= i′.
By Proposition 5.4 there exist boxes of geodesics (Qki )
′ contained in the interior of
the boxes of geodesics Qki such that
G(γki ) = G(Θ˜) ∩ (Qki )′
and
G(Θ˜) ∩ [Qki \ (Qki )′] = ∅.
Fix v ∈ X˜ and choose ϕnk such that one vertex of ϕnk(enk) is mapped onto v. Since
X is of bounded geometry, it follows that a subsequence of ϕnk(Q
k
i ) and ϕnk((Q
k
i )
′)
converges to boxes of geodesics Qi and Q
′
i for i = 1, . . . , j. By the lower bound on
the Liouville measure of the four boxes of geodesics in Qki \ (Qki )′ we obtain that Q′i is
contained in the interior of Qi for all i = 1, . . . , j. We choose a box of geodesics Q
′′
i that
contains Q′i in its interior (Q
′′
i )
◦ and is contained in the interior (Q′i)
◦ of Q′i for all i.
By the convergence of ϕnk(Q
k
i ) and ϕnk((Q
k
i )
′) to Qi and Q′i, it follows that there
exists k0 > 0 such that for all k ≥ k0,
ϕnk((Q
k
i )
′) ⊂ (Q′′i )◦
and
Q′′i ⊂ [ϕnk(Qki )]◦.
This implies that
δQ′′i ⊂ [ϕnk(Qki )]◦ \ ϕnk((Qki )′).
Since ν˜nk(ϕnk(Q
k
i ) \ ϕnk((Qki )′)) = 0 and ν˜ ′nk(ϕnk(Qki ) \ ϕnk((Qki )′)) = 0 we conclude
that
ν˜(δQ′′i ) = 0.
This gives that ν˜nk(Q
′′
i )→ ν˜(Q′′i ) and ν˜ ′nk(Q′′i )→ ν˜(Q′′i ) as k →∞ by Lemma 6.1.
On the other hand, we have ν˜nk(Q
′′
i ) = µ˜nk(Q
k
i ) = µ˜nk(G(γ
k
i )) and ν˜
′
nk
(Q′′i ) = µ˜(Q
k
i ) =
µ˜(G(γki )). Together with the above, we have
|fµ˜nk (enk)− fµ˜(enk)| = |
j∑
i=1
[µ˜nk(G(γ
k
i ))− µ˜(G(γki ))]| → 0
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as k →∞ which is a contradiction.
Case 2. It remains to consider the case when enk are cuff edges. Let α˜ be a fixed
oriented geodesic of X˜ with the initial point x and the end point y. Let v ∈ α˜ be a
fixed point. Let ϕnk be an isometry of X˜ that maps α˜nk (which contains enk) to α˜
such that v is one endpoint of ϕnk(enk) and the other endpoint vnk ∈ ϕnk(enk) ⊂ α˜ is
between v and y. By Proposition 5.5 there exist two boxes of geodesics Q′nk and Qnk
with Q′nk contained in the interior of Qnk such that
G(enk) = G(Θ˜) ∩Qnk = G(Θ˜) ∩Q′nk
and
G(Θ˜) ∩ (Qnk \Q′nk) = ∅.
After taking a subsequence of ϕnk , for simplicity denoted by ϕnk , we can assume that
ϕnk(Q
′
nk
) → Q′ and ϕnk(Qnk) → Q with the lower bound 1/m > 0 on the Liouville
measure of the four component boxes of Q \Q′ (see Proposition 5.5). Let Q′′ be a box
of geodesics that contains Q′ in its interior and is contained in the interior of Q. Then
there exists k0 such that for all k ≥ k0 we have
ϕnk(Q
′
nk
) ⊂ (Q′′)◦
and
Q′′ ⊂ [ϕnk(Qnk)]◦,
where Q◦ denotes the interior of a box of geodesics Q.
Since
ν˜nk(ϕnk(Qnk) \ ϕnk(Q′nk)) = ν˜ ′nk(ϕnk(Qnk) \ ϕnk(Q′nk)) = 0
and
δQ′′ ⊂ [ϕnk(Qnk)]◦ \ ϕnk(Q′nk)
it follows that
ν˜(δQ′′) = 0.
By the weak* convergence of ν˜nk and ν˜
′
nk
to ν˜ we have
ν˜nk(Q
′′), ν˜ ′nk(Q
′′)→ ν˜(Q′′)
as k → ∞. Since ν˜nk(Q′′) = µ˜nk(ϕnk(Q′′)) = fµ˜nk (enk) and ν˜ ′nk(Q′′) = µ˜(ϕnk(Q′′)) =
fµ˜(enk) we have |fµ˜nk (enk)− fµ˜(enk)| → 0 as k →∞ which is a contradiction. 
We prove that the convergence of the edge weight systems in the supremum norm
implies the convergence of measured laminations in the uniform weak* topology.
Proposition 9.2. Let µ˜n, µ˜ be lifts to X˜ of measured laminations of X that are weakly
carried by Θ. If
‖fµ˜n − fµ˜‖∞ → 0
then
µ˜n → µ˜
in the uniform weak* topology as n→∞.
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Proof. Assume on the contrary that µ˜n does not converge to µ˜ in the uniform weak*
topology. Namely there exist a continuous function ξ : G(X˜) → R with a compact
support, a sequence ϕj of isometries of X˜ and c > 0 such that
(7) |
∫
G(X˜)
ξ ◦ ϕjd[µ˜j − µ˜]| ≥ c > 0.
Define ν˜j = (ϕj)∗(µ˜j) and ν˜ ′j = (ϕj)∗(µ˜). Since both sequences ν˜j and ν˜
′
j are bounded
on compact subsets of G(X˜), there is a choice of their subsequences that converge to
measured laminations ν˜ and ν˜ ′ in the weak* topology (see Lemma 6.2). We keep the
same indexing of subsequences for simplicity. Then from (7) we have
(8) |
∫
G(X˜)
ξd[ν˜ − ν˜ ′]| ≥ c > 0
which implies that ν˜ 6= ν˜ ′.
Let Q = I×J be a box of geodesics in G(Θ˜). Let {α˜k}k be the countable collection of
lifts of cuff of the pants decomposition. Then there exists a subsequence ϕjn such that
{ϕjn(α˜k)}n converges in the Hausdorff topology on closed subsets of G(X˜) to either an
empty set or a configuration {α˜∞k }k such that the components of the complement are
infinite geodesic polygons.
First consider the case when {ϕjn(α˜k)}n converges to {α˜∞k }k. The shortest distance
between two boundary geodesics of a complement is between 1/M and M , where M
is the corresponding bound for the original lifts of cuffs {α˜k}k. By taking further
subsequences, we can arrange that each complementary region of {α˜∞k }k is the limit of
complementary regions of {ϕjn(α˜k)}n that are lifts of pairs of pants of the same type
(3, 2 or 1 cuff) and the standard train track in each pair of pants (accumulating to one
complementary region) is of the same type and has the same tangency at the cuff.
By slightly increasing the size of the box Q = I × J , we can assume that the vertices
of Q are the endpoints of some geodesics in {α˜∞k }k and that no geodesic of {α˜∞k }k is
on δQ. The bounded geometry implies that there is only finitely many geodesics of
{α˜∞k }k in Q (see Lemma 6.4). Since the complementary regions of {α˜∞k }k are limits
of the complementary regions of {ϕjn(α˜k)}n of the same kind and with the lifts of the
same type standard train tracks and the same tangency, we have a notion of the lim-
iting vertices and connector edges with the same combinatorics. The finite edge paths
connecting lifts of cuffs under ϕjn converge to finite edge paths connecting boundary
geodesics in the complements of {α˜∞k }k.
There exists at most countably many geodesics (α˜∞i )
′ from {α˜∞k }k with both end-
points in I that are not separated from J by another such geodesic. Similarly there
is an at most countably many geodesics (α˜∞j )
′′ from {α˜∞k }k with both endpoints in J
that are not separated from I by another such geodesic. Then there is an at most
countable collection of pairs {((α˜∞i )′, (α˜∞j )′′)}i,j that are connected by limits γ∞i,j of the
image under ϕjn of finite edge paths in Θ˜.
Any geodesic α˜∞r of {α˜∞k }k that is in the interior of Q is the limit of ϕjn(α˜kr). By
Proposition 5.5 there exist two boxes of geodesics Q′kr and Qkr such that Q
′
kr
⊂ Q◦kr ,
G(Θ˜) ∩ (Qkr \ (Qkr)′) = ∅ and α˜rk ∈ Q′kr . Then the limits (Q∞r )′ and Q∞r satisfy
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(Q∞r )
′ ⊂ (Q∞r )◦, α˜∞r ∈ (Q∞r )′ and G(Θ˜) ∩ (Q∞r \ (Q∞r )′) = ∅. Then, in an analogous
fashion as in the proof of Proposition 9.1, there is a box of geodesics (Q∞r )
′′ such that
it contains (Q∞r )
′ in its interior and is contained in the interior of Q∞r , and for all
n ≥ n0 > 0 we have ϕjn(Q′kr) ⊂ [(Q∞r )′′]◦ and ϕjn(G(Θ˜))∩ δ(Q∞R )′′ = ∅. It then follows
that when n→∞
ν˜jn((Q
∞
r )
′′)→ ν˜((Q∞r )′′)
and
ν˜ ′jn((Q
∞
r )
′′)→ ν˜ ′((Q∞r )′′).
By ‖fµ˜n−fµ˜‖∞ → 0 as n→∞ and the fact that µ˜n and µ˜ are piecewise linear functions
of the edge weights of the edge paths representing Qkr and its immediate neighbors, it
follows that |ν˜jn((Q∞r )′′)− ν˜ ′jn((Q∞r )′′)| → 0 as n→∞. Thus
ν˜((Q∞r )
′′) = ν˜ ′((Q∞r )
′′).
In an analogous fashion we obtain that ν˜ = ν˜ ′ on all boxes of geodesics (Q∞i,j)
′′ that
correspond to the limits of ϕjn(Qi,j), where Qi,j and Q
′
i,j are defined in Proposition 5.4.
The support of ν˜ and ν˜ ′ on Q is contained in ∪n≥n0ϕjn(G(Θ˜)) and thus it is in the
disjoint union of (Q∞i,j)
′′ and (Q∞r )
′′. Thus ν˜(Q) = ν˜ ′(Q). This equality holds for all Q
that have vertices at the endpoints of the geodesics {α˜∞k }k. The endpoints of {α˜∞k }k
are dense in ∂∞X˜ and we obtain ν˜ = ν˜ ′ which is a contradiction.
In the case when {ϕjn(α˜k)}n converges to an empty set we immediately get ν˜ = ν˜ ′ = 0
which is again a contradiction. 
From the above two propositions we obtain
Theorem 9.3. A sequence µ˜n of bounded measured laminations weakly carried by Θ˜
converges to a bounded measured lamination µ˜ weakly carried by Θ˜ in the uniform weak*
topology if and only if the corresponding edge weight systems fµ˜n : E(Θ˜) → R≥0 of µ˜n
converge to the edge weight system fµ˜ : E(Θ˜)→ R≥0 of µ˜ in the supremum norm.
References
[1] D. Alessandrini, L. Liu, A. Papadopoulos and W. Su. On the inclusion of the quasiconformal
Teichmu¨ller space into the length-spectrum Teichmu¨ller space. Monatsh. Math. 179 (2016), no.
2, 165-189.
[2] V. Alvarez and J.M. Rodriguez. Structure theorems for Riemann and topological surfaces. J.
London Math. Soc. (2) 69 (2004), 153-168.
[3] J. Aramayona, A. Fossas and H. Parlier. Arc and curve graphs for infinite-type surfaces. Proc.
Amer. Math. Soc. 145 (2017), no. 11, 4995-5006.
[4] A. Basmajian. Hyperbolic structures for surfaces of infinite type. Trans. Amer. Math. Soc. 336,
no. 1, March 1993, 421-444.
[5] A. Basmajian and Y. Kim. Geometrically infinite surfaces with discrete length spectra. Geom.
Dedicata 137 (2008), 219-240.
[6] A. Basmajian and D. Sˇaric´. Geodesically complete hyperbolic structures. Math. Proc. Cam-
bridge Philos. Soc. 166 (2019), no. 2, 219-242.
[7] J. Bavard, S. Dowdall, and K. Rafi. Isomorphisms between big mapping class groups. Preprint.
arXiv:1708.08383.
TRAIN TRACKS 45
[8] A. Beardon. The geometry of discrete groups. Graduate Texts in Mathematics, 91. Springer-
Verlag, New York, 1983.
[9] C. Bishop. Quasiconformal mappings of Y-pieces. Rev. Mat. Iberoamericana 18 (2002), no. 3,
627-652.
[10] F. Bonahon. The geometry of Teichmu¨ller space via geodesic currents. Invent. Math. 92 (1988),
no. 1, 139-162.
[11] F. Bonahon. Closed curves on surfaces. manuscript.
[12] F. Bonahon and D. Sˇaric´. A Thurston boundary for infinite-dimensional Teichmu¨ller spaces.
Preprint. arXiv:1805.05997.
[13] N. Bourbaki. Ele´me´nts de mathe´matique. Fasc. XIII. Livre VI: Inte´gration. Chapitres 1, 2, 3
et 4: Ine´galities de conve´xite, Espaces de Riesz, Mesures sur les espaces localement compacts,
Prolongement d’une mesure, Espaces Lp. Deuxie`me e´dition revue et augmente´e. Actualite´s
Scientiques et Industrielles, No. 1175. Hermann, Paris, 1965.
[14] P. Buser. Geometry and spectra of compact Riemann surfaces. Reprint of the 1992 edition.
Modern Birkha¨user Classics. Birkha¨user Boston, Inc., Boston, MA, 2010.
[15] M. Durham, F. Fanoni, N. Vlamis. Graphs of curves on infinite-type surfaces with mapping
class group actions. Ann. Inst. Fourier (Grenoble) 68 (2018), no. 6, 2581-2612.
[16] E. Fujikawa and K. Matsuzaki. Stable quasiconformal mapping class groups and asymptotic
Teichmu¨ller spaces. Amer. J. Math. 133 (2011), no. 3, 637-675.
[17] D. B. A. Epstein and A. Marden. Convex hulls in hyperbolic space, a theorem of Sullivan
and measured pleated surfaces. LMS Lecture Notes 111, pages 112-253, Cambridge University
Press, 1987.
[18] D. B. A. Epstein, A. Marden and V. Markovic. Quasiconformal homeomorphisms and the
convex hull boundary. Ann. of Math. (2) 159 (2004), no. 1, 305-336.
[19] A. Fathi, F. Laudenbach and V. Poe´naru. Thurston’s work on surfaces. Translated from the
1979 French original by Djun M. Kim and Dan Margalit. Mathematical Notes, 48. Princeton
University Press, Princeton, NJ, 2012.
[20] F. Gardiner and N. Lakic. Quasiconformal Teichmu¨ller Theory. Mathematical Surveys and
Monographs, Volume 76, A.M.S. 2000.
[21] F. Gardiner, J. Hu and N. Lakic. Earthquake curves. Complex manifolds and hyperbolic geom-
etry (Guanajuato, 2001), 141-195, Contemp. Math., 311, Amer. Math. Soc., Providence, RI,
2002.
[22] B. Ke´re´kja´rto, Vorlesungen ber Topologie I, (Springer, Berlin, 1923.)
[23] E. Kinjo. On Teichmu¨ller metric and the length spectrums of topologically infinite Riemann
surfaces. Kodai Math. J. 34 (2011), no. 2, 179-190.
[24] B. Maskit. Kleinian groups. Grundlehren der Mathematischen Wissenschaften [Fundamental
Principles of Mathematical Sciences], 287. Springer-Verlag, Berlin, 1988.
[25] K. Matsuzaki. Dynamics of Teichmu¨ller modular groups and topology of moduli spaces of
Riemann surfaces of infinite type. Groups Geom. Dyn. 12 (2018), no. 1, 1-64.
[26] H. Miyachi and D. Sˇaric´. Uniform weak* topology and earthquakes in the hyperbolic plane.
Proc. Lond. Math. Soc. (3) 105 (2012), no. 6, 1123-1148.
[27] J. P. Otal. About the embedding of Teichmu¨ller space in the space of geodesic Ho¨lder distribu-
tions. Handbook of Teichmu¨ller theory. Vol. I, 223-248, IRMA Lect. Math. Theor. Phys., 11,
Eur. Math. Soc., Zu¨rich, 2007.
[28] P. Patel and N. Vlamis. Algebraic and topological properties of big mapping class groups.
Algebr. Geom. Topol. 18 (2018), no. 7, 4109-4142.
[29] R. Penner and J. Harer. Combinatorics of train tracks. Annals of Mathematics Studies, 125.
Princeton University Press, Princeton, NJ, 1992.
[30] I. Richards. On the classification of noncompact surfaces. Trans. Amer. Math. Soc. 106 1963
259-269.
[31] D. Sˇaric´. Real and Complex Earthquakes. Trans. Amer. Math. Soc. 358 (2006), no. 1, 233-249.
[32] D. Sˇaric´. Bounded earthquakes. Proc. Amer. Math. Soc. 136 (2008), no. 3, 889-897.
46 DRAGOMIR SˇARIC´
[33] D. Sˇaric´. Fenchel-Nielsen coordinates on upper bounded pants decompositions. Math. Proc.
Cambridge Philos. Soc., Vol. 158 (3), (2015), 385-397.
[34] D. Sˇaric´. Geodesic currents and Teichmu¨ller spaces. Topology 44 (2005), no. 1, 99-130.
[35] D. Sˇaric´. Earthquakes in the length spectrum Teichmu¨ller space. Proc. Amer. Math. Soc. 143
(2015), no. 4, 1531-1543.
[36] D. Sˇaric´. Thurston’s boundary for Teichmu¨ller spaces of infinite surfaces: the length spectrum.
Proc. Amer. Math. Soc. 146 (2018), no. 6, 2457-2471.
[37] H. Shiga. On a distance defined by the length spectrum of Teichmu¨ller space. Ann. Acad. Sci.
Fenn. Math. 28 (2003), no. 2, 315-326.
[38] W. Thurston. On the geometry and dynamics of diffeomorphisms of surfaces. Bull. Amer.
Math. Soc. (N.S.) 19 (1988), no. 2, 417-431.
[39] W. Thurston. Earthquakes in two-dimensional hyperbolic geometry. Low-dimensional topology
and Kleinian groups (Coventry/Durham, 1984), 91-112, London Math. Soc. Lecture Note Ser.,
112, Cambridge Univ. Press, Cambridge, 1986.
[40] N. Vlamis. Quasiconformal homogeneity and subgroups of the mapping class group. Michigan
Math. J. 64 (2015), no. 1, 53-75.
[41] S. Wolpert. The Fenchel-Nielsen deformation. Ann. of Math. (2) 115 (1982), no. 3, 501-528.
Department of Mathematics, Queens College of CUNY, 65-30 Kissena Blvd., Flush-
ing, NY 11367
E-mail address: Dragomir.Saric@qc.cuny.edu
Mathematics PhD. Program, The CUNY Graduate Center, 365 Fifth Avenue, New
York, NY 10016-4309
